OOCOHBll B£SOBS 



SO 162 871 



SB 025 371 



AOTHOB 
TITLE 

IHSTITOTION 

SPONS AGENCI 
POB DATE , 
NOTE 



Anderson* R. D. ; And Ctbers 4 
Studies in Hatheaatics* Vcluie ^11; Intuitive 
Geoietry. Preliainarf Bditicn. 
Stanford Oniv.f Calif. Schocl Hathenatics Study 
Group. 

National Science Foundation, Hashingtcn* C.C. 

61 ■ ■ ■ ■ , ■ 

229p. ; lor related docuients, see SE! 025 372-375 and 
ED' 113 5a'*-557; Not available in hard copy due to 
marginal legibility of original docuient 

■ ■ ■ ■ ■ - ' ■ ■ ■ . ". , . -v. 

l]F-$0.83 Plus Postage. EC Not Avdi^aJcle fxoi EOBS.' 
eurriculum; Eleaentary Education i /^Mlenentary School 
Katheoatics ; *6eo|etry; *InserviceAfach€£ Education; 
^Instructional Haterials; Il'ath€ia-t|^| 'Education; 
♦Teaching Guides; *Iextbcck£ 
♦School Mathematics Study Group 

■ \. 

This is a SMSG geonetrj teit f or eleaentary tta^ers, 
This^volume has been prepared to help eleaectary teachers deveK 
suffi^cient subject latter conpetence in the Batheftatics of the 
elQaentart school program. The editors feel that eleaentari t€acb< 
need a thorough discussion of all the laterials thej aight teach in, 
grades 4# 5r and 6^ from a higher point of viey, but presented ifl 
much the saae way they would present it, ^Ihe ccntent is the saae as. 
th4B 7th and Sth grade SBSG course of study^ but carefully edited aftd 
pr^esented in a aanner compatible with its purpose. Chapter topics 
include: (1) non-aetric geometry.^ (2) leasuie^aent; (3) parallelograais 
and triangles: (4) constructions and- congruent triangles; (5) siailar 
triangles and variation; (6) volumes and surface areas; (7) circles 
and spheres; and (8) relative error. (ME) 



EDRS PfilCE 
DESCRpiORS 



IDEIJTIPIERS 



ABSTRACT 



i. 



************************* 

* Reproductions supplied by EDRS are the best that car te aade 
.* from the origital dccuaent. 



4t 



ERIC 




„ iii%TfieMATics 

' S'hiDY GRiDUP 



u s. DEPARTMENT OF HE'ALTi'i. • 
EDUCATION ft WELFARE 
NATIONALINSTITUTEOF . 
EDUCATION 

THIS DOCUMENT HAS BEEN REPRO 
DUCED EXACTLY AS RECEIVED FROM 
THE PERSON OR ORGANIZATION OR IGU 
ATING «T POINTS OF VIEW OR Op>NTONS 
STATED DO NOT NECESSAR;4r<^REPRE. 
SENT OFFICIAL NAT10NM:^ST1TUTE OF 
EDUCATION POSITIOtiKDR POLICY 



:'P^MISSjdN TO REPRODUCE THIS 
y<ATERIAL HA*S BEEN GRANTED BY 



m 




TO THE EDUCATIONAL RESOURCES 
INFOrtMATION CENTER (ERIC) AND 
USERS OF THE ERIC SYSTEM." 



STUDIES IN MATHEMATICS 
VOLUME VII ; 

Inhitive Geometry 

(preliininary edition) ,v 



STUDIES IN MATHEMATICS 
VOLUME VII 

Intuitive Geometry 

{preliminary edition) 

■ ■ ' • - A - : . . - , , . : : ^ 

Prepared under the supervision t)J| an Kditorial. Committee coiisi sting of: 

K. I). Anderson, J-ouisiana State I'niversity 

John A. Brthvn, University ol-Delaware 

. Mildred Cole, Kast Aurora Junior High School, 
. r Aurora, Illinois 

^ li. H. Colvin, Boeing Srientifte Ucsearch Lahoratorics 

/ H. M. C/ehinan, University of lUiti'alo , ( . ' • 

^/ H. \V. Jones, University of Colo'rado 

/ H; T. Karnes, Louisiana State. University 

Vifk Lcivdjieff, Anthony Junior High School, 
^ . ; Minneapolis? Minnesota 

J. L. NIarks, San Jose vState College 

' , J. U. Mayor, Anierican Association for the Advancement 9f*Scienee 

- \furiel Mills, Hill Junfor High School, Denver, Colorado 

Veryl Scluilt, Washington Puhlic* Schools, Washington, D.C. 

J; K. Smart, San Jose State College ' * 

Kotlnvell Stephens, Knox College . 

C;. C. Webber, University of Delaware ■ \ 

A. H. Willcox, Ainherst College, * . _ . 




. ■ / 



Written for the SCHOOL MATHEMATICS STUDY GROUP 
Under a grant from. tlie NATlONAL SCIENCE FOUNDATION 



. ■ ./ 

'/■ 



© 1981 by The Board of Trustees of the Leland Stanford Junior University 
\ ' . All rights reserved ; *, 

\ Printed in the United States of America . ' 



PREFACE 



Mathematics is- fascinating to'many persons because of its 
ilit^ and tJpaause^it 'presehts opportunities- to. create and dis- 
ver, ■ Ifr is' continuously a'nd*. rapidly growing because of iritel-- 

ctual curiosity^ practical -applications and the invention of 

. ' ' ■ ' » ■ . ^ - • ■ ■ ■ . ■ ;. ■ ^ 
new ideas*. " . ^ 

The many change? wh^^ have" .taken; place in the' mathematics 
curriculum of. the' Junior and senior' hi^ schools have resulted . 
in an atmosphere in, which -mathematics has found acceptance in 
the public mind as never :bef<v?(5 . The effect, of the^ changes has 
begun to influence the elementary school /curri-oulum ^Ln mathe- 
matics as well. It. is generally accepted^ that the present arith 
metic, program in grades 1-6 will be substaritial3.y changed in the 

next five years;,._ . " 

' ' ' . • ' * ■■."..*''■■■ ■ ' 

The time is past when elementary teachers can be" content 

* . * ' ■ . *" *■' 

that thiey have taught mathematic^j if they have taught' pupil :3 to* 

compute mechanically/ More and more^ mathematics will be \tau^t 
in the elementary grades; one important criterion of the effec- 
tiveness of a school 's program wilL be the extent to which .pupil 
understand . If mathematics is taught by people whd^ dcf not lifcej 
and do not understand, the subject, it is highly prpbable that 
pupils will not like, and will ^lot understand, it as' well . ' * 
The School Mathematics Study Group materials for grades- 
5> and 6 contain sound mathematics, ^presented at such a level 
that it can be understood by children, l^perimental classes 



have found the program stimulating, and teachers have been* 
enthusiastic about the results . , Teachers lA the experimental 
programs have received the special services of a consultant to 
help them. with the . subject matter. It Is not surprising that 
teachers who hj^ve be^n trained to teach arithmetic In the tradi- 
tional sense need to study more mathematics If they are to have 
confidence In their ability' to Intraduce new Ideas. They^must 
know far more than the students, and understand something of the 
later implications of ■ the topics they teach. 

This volume. Intuitive Geometry ,, and a companion volume. 
Number Systems , have been prepared by the School Mathematics 
Study Group to help elementary teachers develop a sufficient 
subject matter competence in the mathematics of the elementary^ 
school program. -What kind ofj material should teachers at this; ^ 
level have? Is a course in calculus,' or abstract algebra, or ^, . 
applications of arithmetic what they need? The opinion of the 
editors is that elementary teachers need a thorough discussion^ 
of all the materials they ^ight teach in grades 4, 5, and 6^ ' 
from a higher point of view, but in a very similar setting, pre- 
sented in much the same way they would present- it, so tijat they 
themselves might ^experience something of the Joy' of^ discovery 
and aca-omplisHment in mathematics which they may expect ^rom 
their own pupilp. ^' 

With the ideas in mind which have been expressed in the 
paragraph above, the existing 7th and 8th grade SMSG course 
df study was decided upon as the content which' would be of 
greatest benefit to elementary teachers. The material has been 



carefully edited, with 'the idea that it must nov( ^serve a fnuch 
different purpose than that forrwhich it ,was origl^ially intended. 
. You,- as the mature' individual,^ will be able to appreciate much 
' -tha* would escape Junior high school students. Even though, in 

some cases, your /technical 'ability may not be well-developed, • ' 
* you will be . able to thinlc critifeally' and to make connectii^rig'^''^ 
^between what you know and new material ; In so»e'^ses,> you will 
\ be su^rised to find that "new" ideas iri. mathematics are re ally 
^^only a new language f or ideas" you have, known either •impiicitly : 
or explicit Jy for ye^arS. While ^your ability to compute may be 
\ improved only sligjitly as you study this book, you will find 
^hat you. understand hianj 'operations and concepts that were pre- ^ 
v^iousrly vague or evenvmerely tricks used to get correct, answers ^ ' 

. In elementary mathematics today, the properties of the 
numbers are cionsid^ed tq'b.e as important as the actual com- 
putations with n^am^)ers. The nature of -the operations" with, num- , 
ber^ is considered to be as important as the answer^ obtained/ 
But in addition to the work witji numbei*s, the ideas Gif\ geometry 
muist also be taught . Both the applications of niomber in' geometry 
(meai^urement ) and the relationships between geometric elements 

independent" of number. help -to form a foundation for the later> 

.- . . . . ■ . . _ • • i ■• . ^ . » . ' . « ■ , 

study of geometry. The introduction' of basic mathema,tical ideas 

in the elementary grades is the opportunity for whi^h you are 

pl-eparihg yourself ., " • ' . '. 
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, Chapter 1 * o 
NON-METRIC GEOMETRY I 




Ints. Lines > Planes, .ar^^d Space ^ ^. ^. 

geometric point is thought of as being so small .that .it has 
ho size. In geometi?y no ^def Inltion is given-for the term "point". 
Instead many propertied' of points are 'described/ ^ 

Space • . . - , V *. • .V 

You ^can think of space -as being a set of points. There is an 
unlimite^number of points' in space, in a way, you can think of 
the points of space as being described or determined by position — 
whether they are in this room, in the world, or in the .universe'. 

Lines ' V , 

. For us, a line is a ^.et-of p'oints in sjpace, not - any set of 
points * but a particular type of set of points'. The term "line" 
means "straight^^^ne". . A gec^etric line extends without limit in 
. each of two directions. 11; diE)es not stop at a point. 

^ine^has cer^jaln properties relative te points and space. 
The first of these which Wjs mention is: 1 . 

■ ' Property 1_: Throiifkh' j ^.y two different pjoints ih spacie there 
V - is exactlyt one line . " j \ 

-yi^om; this one can se4. that there ia an unlimite-d' -number of^ - 
lines 'in spac/e. ^ , / . /* 

; By u-sing lines you" can get a* good idea of 'what space is like. 
Ccinsider a point at a tpp"*; corner of youf* desk. Now consider the 
set of all, points suggested by the walls^, the. floor, and , the ceil- 
ing of 'your blassroom. Then £pr each point of this set there is a 
line thf-ough fit and the selected point on your. desk. Each^line is 
/a set of points. Space is ma(ie up of all the points "on €ill ^ such 
' lines V Remember, these lines ^fextend outside the room. ^ 

Just as "point" and' "line" are not precisely defined, '"space" 
is not precisely defined. * " . 



Planes . . " ' . ' ' . 

- . . ■ ' f>- 

■ Mathematicians think of, a plane as a set of points in space. 
It is' not Just any set of points, but* a particular liind of set. 
You have already seen that a line is a set of points in space,. a 
.particular kincl*^ of set and a different kind from that of a i)lane. 
A plane is a*^athematician» s. way of thinking about the "ideal" of 
a flat surface. . • " 

-If two points are marked on the chalkboard, ' exactly one line 
can be.. drawn through these points; Thi^ is Property 1. This line'^ 
is on the chalkboardr The plane represented ^by the chalkboard 
contains the set of points represented by the line .which you have.' 

drawn. - v . ' ■ . ' ] ' ' i.^- ' ' 

■ * Think of two points marked on a piece of plywood. P^rt' of 
' ' -.1 . 
the line through these points c^an. be drawn on the plywood . (recall- 
that "line'" means "straight line" ji Must the. 'line through .these 
two .p6ints :be on the plane ,^of the plywood? These are exampjjss of : 
■ ' Property '2 : If a. line contains two' different points of a 
, ^ plane, it l^es in the ' plane . 

. . If one t.hir]ks of th^- enospf ' the binding of a. notebook as a 
pair of ' points, he can see that the -pl^es represented by the 
pages of the notebook contain these points; *The (Question might be 
asked, "How many planes contain a specified pair of points?"^- The 
notebook with its. sheets- spread apa;?t sugg-ests that there are many 
plahes through a specified^ pair of ^points* . 

Suppose next that you have three^points not -all on the^ same 
line. Three comers of the' top of \,a desk is ran example of this. 
.'The bottoms of the legs of ^ three-l'pgged' stool is anotfher example, 
Such a stool will stand solidly agai|nst the floor, while ..a four- " 
legged chair does Yiot always do. this unless it is very well con- 
,structed. ' ^ * 

' . Property 3':. Any^ three poinlls not on thie same line ' ^re in .-^ 
' only ' one' plane . * , . . ' 

Do you see why this property suggests th^t if the legs of a-, 
chair^rbspot exactly the same .length that you may. be able to rest 
the ^hair onfchree legs, but not ck\ f bur? ^ ' , 
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J ' ' In the figure^ there, are three points, A>. B, and C in^a plane. 
The line through joints' • A and ' B ■ "ajpd the line through points B 
and'.C' are drawn. The dotted lines are draism so that they obtain 
two. points of the plane of A, B, aVid .C. Each dotted line contSlns 
a ppint^ of th4 line through^ A and B, ' and a pol^t of the line 
through B and C. The dotted lines are contained in the "plane. 
The set; of points represented by the dotted lines are contained in. 
,the pljane. The plane which contains A, "B, and C c-an now be des- 
cribed. . It is the set of all. points which are^on lines containing 
two points of the figure coitsisting-of the lines through A" and B- 

a»^d 'through '^B- and * . . 

■ ^ . . ■ ■ ' ' , • ■ _ *, 

\ . Exercises 1-1 

1. Hb.w many .different linens 'may contain; " . 

a. •\One ceip-tain poin-t? ■ 

b. A certain ■pair of points? ' f ■ ■ ' 

2.. How many *dif ferent planes may contain:. • 

a. One certain point? \ ' • 
\ - b. A certain pair of joints? 

c- A certain set of three points? ■ ' 
.3. How. many linies caji be drawn" 'through four' points, a? pair of . them 
^ 'at .a time, if ' tlj^ points lie:. '. x 

■ ''^ a. In the same plane? . \ .' . v ^ 

b. . Not -in the same plane?' V 

^. Explain the following:. If two different lines intersect, • 
V one and only one 'plane contains' both lines.\ 



1-2* Na^es yid Symbols * * .. 

It is customary to assign a letter tp a point and thereafter 
to say "point A" or "point ^B" according to the letter assigned. 

A line may be represented in tWo ways, like t 




or simply like this .^^'^^"^ _ _ . ^ The' drawing suggest^ all the 

points of the line, not Just 'those that cai^ b^ indicated on the 

page. ' ' ■ ■ ■ , • • " ' . 

If ;,you wish to call attention to several points on a line, you^ 

can do it In this way: v « — •■ — — r-^ 

' . ■ .' ■ 'A ' ■ . 

and the line may be called "line AB." A symbol fo^ tht^ same Tine 
is Other names for the above line are "line AC" on "line BC." 

The corresponding symbols would be AC or BC. 

Notice how, frequently the word "fepiyesent". appears in these 
explanations, A point is merely "represented"' by a dot because as, 
long as the dot mark is Asible, it- has size.. But a point, in 
geometry, ha? no size. Also Unes drawn with chalk are rather' 
wide, wavy, and generally irregular. Are actual geometric lines 
like this? Recall that "line"^for us means "straight line." A 
drawing of a lil^e by^ a very sharp pencil on very smooth paper is 
more like our idea of a line, but its imperfedtions will appear 
under a magnifying ^lass. Thus, by a 'dot you merely. indicate, the 
position of a point. A drawing of a line merely represents .the 
line. The drawing is not the ac^uaL line. It is not wrong to» 
draw a line free-hand (v/it"hout a ruler or straight edge) but you 
should be reasonably careful in tioing so. If you wSu:]t to .make a ^ 
drawing; -fi^f a plane on a piece of paper, '.you can use -a diamond- 
shaped . figure. Points of a plane /are indicated in the same way as 
points ^of a line. . . i 



In the, above figure,, A, B, C,^ and D are coWidered to-be 
points in the plane shown, A line is drawn thrmigh point A and 
point B, Another lin§ is drawn through point G and" point D. ■ 
According to ?vopbyt(f 2-,^ ^ ecnd CD lie. in" the pl^e, \ 

It is possible. that a line might pierce or "puncture" a plane, 
.A picture 'of^ thls^ituati^n ijfiay iapp^ar thus: o; V 




' The dotted portion of PQ would^ be hidden 'frbm.'^view ifr the \ 
part of the .plane represented were the upper 'surface of some object 
^such as the card* table, . ' ^ , 

Once again, you can see 'that the. drawing only "reprepents" the* 
situation.. ^, ' 




How could j^u^use Property 3 to identify the planes of ^the 
figure above? Property 3 states, "Any three points not /all on the 
same line are in. exactly one plane," . Note that point A, point B, 
and point D arfe " not. . aJl on the* same line. " To shov/ that? apparently 
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two naJnes for the same plane may /given, it might be possible to 
.write jplane ABC = plane ABE i*f; you are, certain of what the equal 
sign means as used herev -\ 

The notion of, '*set-' wil^ be helpful in explaining what is ■ 
meant by "eciual" when, applied this way, ^ ' . , . 

• 1, Plane ABC, is a set 6f .points, . j. . 

■ . " . 2.*''^Plane ABE is a set qJT points, 

_ ■ . 3* Poirits A, B, 'C, E, . a4id others not Indicated are in plane 
■ ABC and: are also iri ]|lane ABE. 
In fact/ all elements of plah4 ABC, (a set of .points) and elements . 

^of plane ABE (a set of |)oints)( seem.to be contained in both s6t.s 
'(planes). You ;can say, "Two sets are equal if and only' if they 
con'tairi the same ielements," According to this> ' plane ABC . = plane 
ABE, ' In other words,- you can' sdy set M is equal to set :N if M and. 
N are two *names for the^,same set, ... 

■ ; ' • Exercises 1-2 - 



1. In the figure below, is point V a. point of PQ? Is.lDoi.nt Q 
an element of the plane? Is V? How. many points, of PQ are*, 
elements. of the plane? . ?v 




" figure (a) .Figure (b) 

2. Figure (b) is a- copy of figuVe. (a),' except for labeling. Two 



different lines may be denoted as £i and , The small numbers 
are called "subscripts," Plane ABD in figure' (a) corresponds 
to.-M^ in figure (t)), AB ^n figure (a) corresponds to in 
■ figure (b) : , ' 



In the left-hand column are listed par.€s of figure (a). .Match 
these with parts of figure . (b^Misted in the right-hand column : 



Partes of Figure (a) 



Parts of Figure' (b) . 



i. 


EC? 


a. 


i. 


2. 


Plane ABC 


b. 




3. 


.■ • 

Plane ABD . . \ 


c. 


M, 


4. 


Plane EBA . ■ ' •■ 


d.. 




5. 


m ■ . : '. 






6. 


The intersection 

plane ABC and plane ABD 







Does the seeond column, suggest an a:dvahtage of the subscript 
.^way or labeling? ; ■ ' 

3. Ih the figure at the right, (a) does i, pierce M^?*' (b) Also - 
^ M^? (c) 'Is i, . the only lin6 
through P and' Q? (d) \Vhat is 
the intersection of -M^ and Mg*^ 
(e) Is i.^^in Mg- (^) Would i, 
meet iz ? ' (g) Ai^^'e- i, and A 
.': in .the same' plane? 




1-3. Intersection of Sets • /' * ' / , . >• 

Now .some useful and important ideas about, sets shall be 
introduced. ^ ^ ^ . ^ ' ^ . 

' V ' ^ Let set' A = Yl, 2, 3, ^/ 5, 6, 7, S, 9^] . ' ' ■ 
Let set B = (2, -^, 6, 8, 10, 12;, 1^, 16]; 
Let' set C.be the set of. those elemeaits -which are. in set A and 
are also in set B. -You can write set C 1=^(2, ^, 6, 8}. Set C is . 
.■:^called the intersection of ' set A and s^ B. 

Let set R be the 'set of pupils with red hair. . 
Let set S be the set of pupils who can swim. 
It might happen -that an element 'of set R (a pupil with red\ 
hair) migjit be an element of set S (a pupil who can' swim). In 
fact, there may be no such common elements or there may be several. 





A. set witA na elements in -it is called the "empty set." Thus, 
if theM are no. red-heade^ swimmers, then, t^e , intersection af set 
S iSind set R is the empty ^et, ^ 



The ^symbol fl is_ used to mean' "intersection", that is, E f) F 
meana "the IrHer sect ion of set E and set F". Thus, referring to 
the sets mentloifed previously', you can write: 
A. n -B is (2, 4, 6,. 8] 

R n S is ^the set of red-headed swimmers 




■ ^ In the. figure, line i ;^eems to be in M^. and also in M^. Every 
point. In which is also In seems to be on, the line i. . -Thu^ 
the following statement se'ems to. be true: H = i , # | 
Some people talk about intersections in a ^slightly differer^t 
way tl^an it^^has .been discussed here. When we^ say the intersection 
of two sets-is empty, they say that the two sets do not intersect. 
When we say the intersection of two ^sets is not empty, they say , 
that^the two set3 do intersect. The ideas are this sanie but the 
■ lan^age is a bit different. 

/ ■ ' ' Exercises 1-4 ' 

1. Write the set whose members are: 

a. The whole numbers greater than 17 and less than 23 

b. The cities over 100., 000 in population in your ^state 

c. The members of tKe class^ less thaii ^ years old 

2. Write three elements of each of the following setsii 

a. The od.cl whole numbers ; ■ ^ .• 

b. XThe whole numbers divisible by 5 



c. The set of points on the/ llJire below, -some of which 'are 
labeleti in the figure: P Q ^ - ? ^ 

: ^ R s ^ • 

Give the elements of the Intersections of the following pairs 
of sets: • ' * 

a. The whole numbers 2 through 12 and the whol,e numbers 9 
through. 20 • ' ■ . 

b. ' The' set of points on line 

and the set of points bn 
line 





c. The set of points on plane 

M, and the set of points on 
1 

plane . 



. 4.. Let S = {^., 8, 10, 12, 15, -20, 23} - "^ .4 -/ 

* T = (2, 7, 10,:13i 15^ 21, 23} . ' ' 

Find S,n T. 

5. Think of the top, bottom, anc^ sides of a chalk box as sets of 
^ points, 

a. What; Is the Intersection of two sides that meet? -/ . 
the Intersection pf the top and bottom?. 
"Intersection" ^has the closure property and Is both 
jcommutatlve and associative. In other words. If X, Y, and Z 
are sets, explain why: ^ 

a. X fl Y Is a set. * ^ ' • 

b. X n Y = Y "n X.- ; ' ' i 
-c. {X n Y) h z =^x, n (Y n z). , , 



b. What is 
6. Explain why 
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1-^. Intersections t>f Lines and^Ianes . : 
Two Lines ■ 

The p^^ll^le Intersections of two different lines may be des-* 
crlbed In thr^e" cases. Figures are drawn to repres-ent the three 
ca^es. ^ . ; 

Case 1. Jt and k' Intersectv or . , 
\ Jg n ^ 'Is not. the empty set. 
IL and k' cannot contain the 
same :two points. Vlhy? 
Case 2# I and k do not Intersect 
and are In the "same plane. . 
k Is the empty set, 
. .. and ji\ andV^ are In the ' 
same plane." J and k are 
said to be parallel i 
Case. 3. < ^ and k do not Intersect 
and are not In the same 
' plane. //^ f) k Is the ^mpty 
. set. It, Is said that and 

k. are skew lines' . ^ ^ 

';-.In. Problem 4 of sectlor^ 1-1 you were asked , to explain, why twp^ 
lines. lie in the same plane If they intersect. . In the 



4 





figure above are shown two lines v/hlch Int^ersect In point A. . B is' 
a point on one of the lines and C a point, on the other. By ., 
Property 3, there Is -fexactly one plane which contains A, B, and C. 

By Property 2^ AB Is in this plane. 
- By Property 2, Xc Is In thls^ plane. - 

There Is exactly one. plane which contains the two lines. 
A Line and a Plane 

Again the possible Intersections of a line and a plane may be 
described In 3 cases. Let represent a plane and A represent a 
line;... ^ '. ■ ' . 
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Case 1. . M. contains . ' . 

M^H' i vis the line je/.' ■ 
M and J2 intersect in exactly one point.,?.. 
.M . n is a point P. ' . • 
Case 3. M and • do not intersect. , _ 

• J' . ^M -fl X is the emptjr set. 
■ ' ■ . ' (Sometimes', we say Z is parallel to M. ) 



/Case 2, 



ywo Planes 





Let A and B be tv;o points', each of whichv lies in . two ^intersect- 
ing planes as ^In f igure (a).'^ . From Property 2, the line ^ ab must 
lie in each, of the planes. Hence th^e intersection of the two planes 
contains a line. But if, as in figure the intersection con- / 

lf%in»s* a .point C not on . the line AB, then the two planes would be 
the same plane* By Property 3 there would be exactly one plane 
containing A, B, Cv It can now be stated: 

P^'operty i If. the intersection of two different planes is 
. ^ not ^ empty, then the intersection is. a, line .' 




If the intersection of two planes is the 'empty set, then the 
planes are said to be parallel . Several examples of) pairs of 
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parallel planes are represented by certain walls of a rc3i% 
stack of shelves. Can you think of others?/ 

In the discussion of -the interseation of two dlffereh^planes 
two cases "^ave been consijiered. Let M and N denote- the twc^Janes. 

Case 1.- w n N is non empty /■^M n N is a line. . - ^> 
Case 2. M- fl N is empty. M and N are .parMlel. 
Are there any other cases? Why? 

^ Exercises 1-^ v • .^'V \ 

i..: Describe two pairs of skew lines.- " • • 

2." On your paper, Ifebel three points A/ B, and C so that AB is' 

not AC. Draw' aI and '..AC^jr^ Wha^- is n AC ?' 

.3. .Caref.ully fold a piece of paper in half . Does thie fold suggest 

a line? Stand the folded paper up on a table (or desk) so that 
: the fold does not to,uch the table. ^ Do the table top and the 

folded paper suggest three planes? is ariy point in* all 1:hree^ ■ 

planes? .What, is the intersection of - all three planes? Are 

any two of ■ the planes paralLel?. . 

Stand the folded paper up do a table with one end of - the fold'; 
-touching, the tablie. Ai*e three planes suggested?' Is any point 
■in all three planes? , VJhat is the intersection' of the. three 
■ planes?. ■;, 
.5* Hold the. folded paper so that just the fold is on the .table 
top. ^ Are three planes suggested? Is any point in all three 
planes? -What is the intersection of the three planes? 

6. In each of ; the situations of Exercises 3, 4, and 5, consider- 
only the line o.f '^the- f old and the plane of the table' topi 
What are the intersections of this line and this plane? You ; 

should 'haye three answers, one for each or' 3, 4, and 5. 

... . , 

7. Consider" three' different lines in^a- plane. How many points 
.would -there be' with each point on at least two » of the lines? 

Draw four figures showing^- how 0, 1, 2, or'3'mi^t have been 
your answer. :Why /jouldn* t. your answer have been ^ points. , 



8. . Consider this sketch of a houses 
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Efght points have- been labeled on the figure. Thinik of the lines 
and*. planes suggested by the figure. Name lines by a pair qf points 
and planes by three' points.. Name:^ 

a. A. pair of parallel planes. 

b. A pair of planes whose intersection is a line, 
■c. Three planes that intersect in a. point. . 

d* ^ ^^Three- planes 'that intersect in a line* 

e. A, line and a plane whose intersection -is empty 

f. A pair of -parallel -lines. .. 

g. ' 'A pair of sk^w lines., 
hv x^'hriee lines that intersect in ^a point . 
i. Four plsyies that have exactly one point in common." 

• , ~~ ; — 

1-5.. Segments and Union 6f Sets , .. - \^ ■ .\. 

Ctorfi^ider -thrfee points' A,' B, .and C not on the same line. Do 
you saly "that any one of them is between the other two? No, you, 
usually dp not. - When it is said that a point P is between points 
A^and. B, there is a line containirig A, B, and P, 

Think of two different points A . ai^ B. The. set •of points'c^n- 
sisting of A, Bi and all. points P between . A and B is called the- 
sepment' AB. A and B are called the endpoints. The segment With, 
endpoints A and B is named by AB./ Another name for this segment 
is BA. : • 



Every segment has exactly two endpoints*' As suggested above/ 
eabh segment' contains points other than its endpoints. Sometimes, 
'.a segment is called a I'ine segment , ; , ' ^ 




. In* the figure abovev three of the segments are named AB, 05"^ 
and AC". i/hat is the intersection of Tc and BD? 

V Not only may you talk about intersection of sets, but you may 
also, find it , convenient to talk about the union of sets.. .The word 
"union" suggests/ uniting. or. combining two sets into a new set. 
The- uni.6n of two sets consists of those objects which belohg to at 
leait one. of the two^sets. For example, in the figure above, .the 
uniqnbf AB and BC consists of all points of AB, together^ with aid 
jDoints of bS", that is; the segment AC. ■ ' 

The symbol U is used to mean ".union". That is, X'U Y means 
"the union of setx X and set y". Suppose that %e\ X is the set of 
.numbers [l), 2, 3,^} and se't<^Y is the set of 'numbers '[2, ^, 6, 8,, 
10]. X 10 Y is (1, 2> 3, ^, $,"8> 10}.- ' In^ the union-' of two sets,- 
do not think of an- element^ v;hich occurs in both' sets' aiS ' appearing 
twice in the union. ' • % • 

■ . Again, let us* think of the set of all pupils^ who' have red 
hair, and the' set of all .pupils who can swim. Y.ou 'may think:' ; ' 

Let set R be the set of pupils with red hair. 
, Let set S.be the set .pf pupils who -can swim.-' 
Then R U S is -the set of all pupils who either have redohair 
(whether or not they can swim) or. who can swim (whether 03;» not 

they have red hair). / : . • 

' ■ . ■ ■ '• ■ ' ' . ■. ■ • ■ • 

■ Exercises 1-5 - 

.1. Draw a horizontal line. Label four points on .ijt P, Q, R, and^' 
3 in that order from left to right. Name7two segments:- 

a. Whose, intersection,- is a segment. 

b. *Wh6se intersection, a'poitit.- " ' 

■ c. . Whose intersection is empty., ^ / ' * ■ " ■ 



d. Whose; unioh is no.t a s.egrfient. . . • ; : \ . 

2. .Di'aw a ii'ne. /Label three pbiivts of the linfe A, ' B, and C with 

' ' ■ ■ j. . • . ^ . '■' • ■ ■ • ' 

B between A and C. . ' . 

•. • " * ■ \ ' 

a. ) What is AB^n BC? . , - . - * 

b. Viat. is W 0 ^G? . v^"* ^ . ! • \ 

. c/ jAfhat is AB U BC? . . / . • V ' 

d.. What is AB U r \ V ; / ' ' • , . /. , 

3. Draw a segment. 'Label its endpoint& X and. Y. Is. there a^'gair . 
of points' of with Y between t/hem? - " : . 

• •■ " • • , . ■ ■ * ■ ■ ." ■ • 

Draw two segments AB and CD fpr .which AB fl CD is empty but 

AB 11 CD is one .point, ' . . , . " 

5. r Draw two segments PQ-ahd RS f^or.wl'iich 0 RS is empty ,^ but, 

PQ is ;RS. . ,. ^ •: .. ^ 

■6.*' Let A and B. be two points. Is>it true that thq^i^e is' exacCly 
' one-' segment containing A and B? Draw' a' figure explaining this 

problem apd your answer. '"■■= >t * 
7... Draw a Vertical line^^ •. Label A and B two points' to the right 

oH £ . Label C a. point to 'theJleft of £ Is AB 0 -^ ■ empty? 
■ . Is AC n . empty? . *^ ^ ■ ' . ■ 

8. .E??plaia why "union" has the closiure property, and is both 
commutative ^nd vassociative. In bther words, if X, Y, and Z ' 

. kre sets, explain v;hy: . ' * ' 

. a. X U Y is a set . , . 

f. X U Y = Y U X- . ' ' ' - - 

(X U Y) U Z =^ -x U (Y . U/Zl \. 

9. . Show that for every set X you will hav^; ; • 
' ... ' V. X ^ x; 



1-6., Separations f . 

^ ■ In this section *a very impbrtarlt idea will be conside:^ed — .the 
idea of gepaitation. You shall see.;* this idfe^ applied in three 
*dj)fferent cjases. ^ . 

: Let A- and :£..bb any two ppintjs of ^space npt in a plane M* If ..- 
the intersection of and M. is etapty, 'then: ^ are on the same 

side of M. The set of all pointa on the same sid^ of M as^ A, we..-. 
call :a . half -space. If the ' intersection of AB and M Is not empty V^J^^^^ 
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then', ft and B 'are 6n. oppdslte sides of MJ The seV of all point s( on 
• the^bpposite side of M 'from A is. another, half -space, 'i'hus.. 
. . Anyplane K>^j j^parates ' spac^^ in^ two, half ^spaces . 

* "Ihe pliane M is cliiled'the boundary of each of the half*-spaces. 

; Now- consider only a plane M,/, and a line i. in that plane, ' 
■ .Let A. and be; two poi^its- riot on the a.ine. Then either ABfl J 

• is. the :^mpty .set, >in -v/hich case A >and B are on the same side .of " ; 
or AB n.>2 -is not the emptjf set, in which case A and B are on *' 
opposite sides of >t . Similarly, then: ■ , 

■ .-^ Any line of a plane M separates the plane into two^ half - 
planes ^ ' ' ' T ■. 's. " ' ■• 

.• In the figure below the' S-side of line k is shaded and the 
Tiside- of k Is not shaded. . ' . - 




\ 



Now consider a ]J.ne i . How would you define a half-line? 
: Can you say anything about' .segments in this definition as you did 
in^dqfinirig half-jprian^s and half-spaces? What would the boundary 
.'bp? * Is the boundary- a set of points? - . 

Our thli^d case should, now be clear. , Qan you . state' it? ' 
'\;it' is important to, note that these thr&e cases are almost 
alike ."^ They (ieal w^ttf^-th^e same id^a in different situations. ' 
'Thus: ' \'^^ 1-'^ V- •■ ■ . 

Cape 1. Any plane separates space into two half-spaees « 
Case 2. Any line of a planes separates the plane into.^i^Wb half - 
' ■■■ Planes . " \ ' .. ■' ' -J^'/^'l' ; \ ' 

. . Case 3. Any point of a line separates . the line into' tw6. half- 
^ lines . ' • ' / ^ ^ 

. There ^is one o'ther definition ^hat is usef ul." -"^A ray , is a - 
half-line together with its" endpoint . A ray has one endpoint. A 
> -ray without, its endpoint is a, half - line : A ray" is usually drawn 

like . this, ^ ^ . If A is tl:ie endpoint of a ray and B is anbthep. 

.- point of the ray, the ray ds denoted by AB. . Note' that BA is not. . 

•• AB. . The t^rm, ray is, used in the -same; sense ii>>tiich it' is used in 
\ "ray of light"! 
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In everyday language, jjoxt sometimes do riot distinguish between- 
linea>i-rays, and' segments. In geometry you shbulcf distinguish . 
between them, A "line of sight" really refers to a, ray. You do 

■ not; describe sbmebody'^as in your lih^. of sight if he is behind you. 
The right field foul lin'e in , baseball 'really refers to. a segment. , 

-and a' ray* The segment',, extends from home^plate through f l^t baseV 
to the ball park fence. It stops at the fence. The ray- starts.. <^n " 
the ground and goes; up the fence • What happens to a-home run ball * 
after it' leaves the park makes no difference ,td .the^play^ a major, 
league game. ' . * • . ^ ^ 

. ^ ' ■ ' ' E xercises' 1-6 ^ ' . . * - ^ 

. ." ■ • ■ ^ 

,1, In^ the .figure at the right,- is. the ^ 

• R-side of Jl the. same as the S-side 
.\. of ? Is it the , same as the Q-side? .q 

• * ^ Are .the. intersections of ^ and PQ, 
■ aiid RS empty? Are the inter- 
sections of i and QS, A and PR , 
empty? Considering vthe sides of ^ - ■ • ^ 

• are the previous- tv;o answers what ybu- would expisct? 

2, Draw a. line coRtaining >oints A and B„'vWhat is AB fl BA? What. 
. ' is the' set of points .not in AB? • " . ' ; 

3, Draw a horizontal line. Label four points of it A^B/G*ai1d D 

in that order from left to .right. ' ' 

■ ■\ ■ n- • . ■ v .■ •- . ... 

■ ■ :.*Mame -twb-T?^ys fusing, fhese points . for their description): ^. 

a. . Whose, union is. the line,. - ' • . 
/' \*V-.;''l>.''"-Vmose/u^ th.e^line, but contains A, B, C, D, 

e-;.;. Whose union does not -cdnt«,in A,' * , ^ 

d-,;-.. Whpse intersection" is a point, , ' V , V ^ , - . 

• .e. ^ Who'se intersection is-emptir. ' . . • * 

: 4. ''Does a segment separaH:e a planed Does a Ijpie separate space? 
5..' The. idea of a plane' iseparatirig space* is related to ,the idea of' 
the surface of a box separatl^ng the inside from the outside, 
!. '' If P is a point, on. the inside and Q.a point on the outside of a 
- . box, does PQ,- intersect \he surface? • 
\6. . Explain how the union of two.-half -planes might be a. plane. 
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7. If A and B^re points on the same side pf^^he plane M (in, 
: space) , must AB fl M ,^e empty? Can "AB fl M empty? 

t' — 

- -1-7 Angles^ and. TrlanRles v >^ ^ . v^- 

Angles TV / - ; ^ . ^ 

*■ Somdtof the most important ideas-of , gepmetfy deal with angles' 
and triangles. An angle is^a set ojC, po^n_ts consisting of two rays 
, with an., endfloint. in commpn and not bpth on the same straight line. ^ 
Let us say 4his in another v/ay. L^t B'A and BC be t,wo >rays- sueh • • 
tljiat * A, B, and'C are not all on the SBm6 line. Then the set of 
point 9 CQns^istjjlng of all ahe' points of BA together witH all the 
poipts of BC >is called the- angle ABC. An ^angle is. the uni'on of 
two rays, 'me point B is" called the. vertex of '\the angle. ^ The 
^ rays. BA and BC" are called the rays ' for sometimes the sides ! of the 
angle. An angle has exactly one vertex and exactly .two rays. 

An angle As drawn in .the.figui?e below. W)u will recall from 
section l-.2;/6hat what is really meanly is '*a representation of .an 
angle is d/ai>jp". Three poin^ of the'an^e J 
are labeled so that the angle 
read "angle ABC" and'*may^be 
written as>-^ ABCT^ The-^ — 
letter- of the vertex isv alv/ays 
listed in the middle. ^herefot»e,. 

/sf^O is 21-PBA. Note that .in' labeling this angle -the order of A- 
and € does^^ot matter, but B must be In the middle.. Xs Z^^C th'e 

. same as / BAG (notMrawn)? • ' ' 

.From the figui?4 it T.ooks as if the angle ABC 'separates the 

, plane containing it. It is true ' that -the angle does separate -the- 
plane. The two pieces into which the angle separates the plane*; • 
look somewhat different*. They look like': ' ^ 




' The piece, on thlB right is called the interigr of ' the angle' and the. 
one on. the left th^, exterior ; Thej interior of the '/jJ3C can b'e 
defined • as •th^ intersection of ^e A-side of , the line BC and. the 

■ 'C-3ide. of the line- AB, It is' the intersection of two half plaiies 

• rahdjdoes not include ^he angle." The exterior^ is: the set of all" 

• ^'points of the plane.not on th^ angle or in the" interior, 

• Triangle^ ■. *\ ' •. .... • . ' j , v ' . , . * 

Le,t A, B, 'and .C be three points not all on the same straight k 
'■ ^ine, - ThQ triarigle ABG, written as A ABC, is ^the union ^of AB; AC", 
. £gi:d BG',' Yo^ will/re'cail that the union of/two sets consists of alJL 
\6f ' the elements 0^ the . one set tpgether with all the i§lemehts . of ■ . 
the other •. The' A * ABC can be^ defined in , another way. The triangle 
ABCiis the set of. points consisting of A, B, and C,^ and all points 
. of. ^AB between A. and B^* all points of AC between A 'and G, ^and all ' 
points of BC ^jbweeh'.B and C. .. The points A, B, and Care the 
vertices of A^AteC, The word "vertices" is* used wfien referring to 
■more than one vertex.. Triangle ABC is represented -in the figure. 




' Angles of a Triangle 

You can speak of AB, AC, and BC as the sides of the triangle. 
You can speak of / ABC, ■ /-ACB. and / -BAC as the angles of the 
triangle, Thes^ are the angles determined by ihe triangle. Th^' - 
sides of thfe triangle are contained in the triangle but the ^angles 

of a ti^iangle are not, - 

Note that a triangle is a set of points in exactly one pl^e. 
Nr^Every point. of the triangle ABC is in the plane ABO, • A ABC. ' , 
separates the. plane in which it lies. . The A ABC has an interior ^ 
' and an exterior. The interior' is the intersection of the'^interiors 
'of the .three angles i of yne t^riangle. The exterior is the set., of- 
all points of plane ABC not on A ABC or in the. interior of a ABC. 



Exercises 1- 

Laljel three points A, B, and C not ^11 on the same line. Draw 
AB, AC' and BC. (a) Shade the C-slde of AB. Shade the A- 
slde of BC. What , set is now doubly shacled?^' (b) Shade the 
B-sld(5 of AC. What set is now tj'lply shaded? 
Draw a triangle ABC. . ' . , . 

a. In the triangle, what is AB fl AC"? 

b. ^ Does the,, triangle contain any rays or half-lines? * 

c. In the drawing extend AB in both directions to obtain AB. 
• " What is Ab H aB? 

d. What is ABD A ABC? " 
Refer to the figure on the. 
right., . . 

a. . What is YW fl A ABC? 

b. Name the four triangles 
in the figure. 

c. Which of. the labeled points, if any, are in the interior 
''■■■[. of any of the triangles? 

d'. Which of the I'abeled points, if any, are in the'exferior^ 
of any of the triangles? 

e. Name a point on the same s.ide^6f WY as C* and one on the 
opposite* side. ' z 

Draw a figure like that o'f Exercise 4, ' 

a. Label a point P hot in thd^nterior' of any of the triangles. 

b. Label a point Q^inside t1vo'©f the ^triangles. s 

c. If possible, label a ^point R in the "interior of A ABC but 
not in the interior of any ^Dther of th^ triangles. 

If possible, make sketches ifi which the intersection of a line 
and a triangle is: > . 

a. The empty set , \c.,^ A set of one element 




b. A set of two 'elements - 
If possible, make sketches in w] 
triangles: is.: 
a. The empty set, ^ 1 ' 
'b. -Exactly two point's 




set of exactly .three elements 
the intersectioi^ of two 



c'.* ' Exactly foua? points 
d. 'Exactly five pdirits 
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7. In^.the. figure, what are the following: 

a. ^ABC n AC 
' t) . A ABC n AB : 

d. ABflig 

. e. ^BCAfl ^CB ^ 
' f . BCTl 

• g. Bc n ^la'cb 

h. /jffiC n A ABC r ; ^ 

8. In a plane if two triangles have a side of each in common, must" 
their interiors intersect?^ . If ^hree triangles have a side of 
^eachin common, must some two of their interiors intersect? 

9; Draw / ABC, Label points X and Y ip the interior and P and Q . 
in the exterior. / , 
'a. Must every point of XY be in the interior? * 

b. c Is ?very point pi*. W in the exterior? . ' 

c. Can .you find points R and S. in the exterior so that .RSTl 
' / ABC is not empty? 

•d. Can XP n Z-ABC be empty?. ' \ 



1-8. One-to-pne Correspondences ^ 

^ The idea of "one-to-one porrespondence" was used in talking- 
about -counting numbers. This idea is alSo useful in geometry. By 
"one-to-one correspondence" ' is me^t the matching of each member of 
a certain set with a corresponding member of .anothl5r set. Before 
this idea iS; used. in geometry^ let us review our previous experience. 

Consider, th'ie set of counting numbers less than eleven. Let us 
form two sets from these numbers. Set A, containing the odd 
numbers: {1, 3, 5, 7, 9) and s'et ,B,' containing the even numbers: . 
[2y ^, 6, 8, 10).'*^ There is a one-to-one correspondence. between 
set A and set B because every od^ -.number can be matched with an ♦ 
even number. 



" V* 'Exercises 1-8 . 

1. . Is there a one-to-one correspondence between the states of the 

United States arid the U, S. cities of over 1,000,090 in 
* ; ' population?: VJhy? Do'^s the fact that Nevada contains no city ; 

Qf over a million population show that no such correspondence 

exists? ^ . - . 

2^ Show that there, is a one-to-one correspondence between the set - 

of even whole numbers and the set of odd v/hole numbers. 

3. ^ If set R is in one-to-one correspondence with set S and set S'^ ^ 

with set T, is. set R in one-to-one correspondence/ with Set T? 
Why? 

4. Establish a one-to-one correspondence between the set of even 




Questions are scattered throughout the directions. Answer the 
questions as you* go along.. 

(a) Draw a linev^and label it :^ . ■ ' 

(b) .CJioose a point not on line ^ and label it P. 

(c) Mark , some point A on line/ . . 

(d) Draw line PA. ^ ^ ' ' ■ 

(1) Is PaPI Jl equal to the empty set? 

(2) ' Does the intersection set of PA and have only onp; 

element? Why? - 

■ ■ ' ' " """""^ : ^ <. > ■ ■ < > 

' (e) Choose two other points, B and C on ^f . Draw PB'and PC. 

(1) Through each additional, point marked on ^ can you draw^ 
a line that also goes through point P?, ' / . 

(2) . Let all lines v/hich. intersect 1. stnd pass through" P be. 
^ .■' ■ . •> ^ . 

the elements of a set called K. How many elements of K 
• >' , » ' • • ' 

have been drawn up to now? 



(3) Does each Indicated element of K contain a point on i ? 
Gan eacK Indicated element of K be matched with an 
: indicated point on ? - 
(5) Do you thj.nk that, if more elements of K were drawn • and 
•more points on x were marked, each element of K could be 
matched with a corresponding- element of ^ ? 
6« Describe a one-to-one correspondence between the points A, B, 
and C which determine a triangle and the sides of the triangle. 
Can you cBb this in more than one way? 

7. Draw a triangle, with vertices A, B, and C* Label a point P in 
the interior of A ABC. Let H be the set of all rays having^? 
as an endpbint. The elements of H are in' the plane of A ABC, 
Draw several rays of H. Can you observe a one-to-one corres- 
pondence between H and A ABC? For very point, of A ABC is' 
there exactly tne ray af H obtaining it? For every ray of H 
is there exactly one point of A ABC op ^uch .ray? 

8. Draw an angle XYZ with the vertex at Y. Draw the segment. XZ. 
Think of K as a set of rays in plane JCYZ with common endpoint ' 
at Y. is the set of all such rays, which do not contain 
points in the exterior of / XYZ. YX and ^YZ are two of the 

-many elements of K. Draw another element of K. Does it inter- 
sect 5cz^? For each element of K. will there be one such matching 
point of XZ? . Label D a point of YX and E a point of YZ.- Draw 
DE. Is there a similar one-1;o-one coijresponderice between the 

* set of points of XZ and the set of points of DE? 

l-Q. Simple Closed Curves ^\ . 

A curve is a set of points which can be represented by a 
'pencil drawing made without lifting the pencil off the paper; it 
being understood that in thq process part •f the drawing may be 
retraced. 

Segments and triangles are examples of curves you have already 
studied.' Curves may or may not* contain ^portions that are straight. 
In eve^jjyday languag;e the term curve" is used in this same sense. 
When a baseball pitcher throws a curve, the ball seems to go 
straight for a while and then "breaks" or "curves". 



Pig. a 



Pl^. b Pig. c Pig. d Pig. e 



One important' type of curve is called a brokenvline cuyve « 
It is the union of several line segments; that is, it consists of 
iall the points on several line segments. Pig. a represents a V 
broken*i-line curve. A, B, C, and D are indicated as points orl the 
cu;rve. It is also said that the cuiTve contains or passes through 
these points. Figures to. i also represent curves, in 
Pig. t), points F, Q, and R are indicated on thfe curve. Of course 
'the curve can be thought »of as containing many points other than 

■ P, . and R. * 

A curve is said to be a simple closed curve if. it can be 

. represented by a figure di*avm in the following manner. The draw- 
ing starts and stops at the same point.* Otherwise, no point is 
touched twice and the drawing instrument is not removed from the' 
paper in the process. Figures c, g, h, and 1 represent simple 
closed curves. The Other figures of this section do not. '.' . 
Figure J represents two simple closed curves. The boundary of a 
state like Iowa or Utah on an ordinary map represents a simple 
closed curve. . . 




Pig. f . . ; . Fig. g . Fig^ h 



The examples that ha^e been mentioned, including that of a^ 
triangle^/ suggest a vel»y important ' property of simple closed curves. 
Each simple- closed curve has an interior arid an exterior in , the 
plane.' Furthermore /.any curve. at all containing a point in the 
interior and a point in the exterior must intersect the simple* 
closed curve. As an* ex?tmple, consider any curve containing A and B. 
of Pig. gVaiid lying in^ the plane. Also any two poititi? 'in the - '\ 
interior (or any two points in the exterior) may be Joined by a' 
broken-line curve which does not intersect the simple closed curve. 
Pig. h indicates this, A simple closed curve is the boundary of 
its interior and also of its exterior. 

\ ^he interior of a simple closed^ curve is 'called a region .. 
There are^ other' types of .sets in the plane which, are also region Si.' . 
In Pig. J, the portion of the plane., between the two simple closed " 
curves is called a region. Usually a region ,(.as-a—set-of--polrit^)-^— 




;■■ ■ . Fig.-i ■ • ■ •■ Fie- J'.-- 

Consider figure j. The simple closed curve (represented by) 
is in the interior of the . simple closed curvfe "J^* ot)tain 
a natural on^-to-one correspondence .between J^* and as- follows. 
Consider' a" point such as P in the interior, or J^^.. ' Consider . the set 
of rays with endpointiat P. Each such ray intersects each of 
and in a single point. Purthermore, each point of J^^ and each 
point of .J^ is on one such ray. A point of J^^ corresponds to a 
point -of if "the-two points'are on the same ray from P. ' Note 
.that this procedure ^using rays would riot determine a-one-to-one . 
corresppndence. if one of the simple closed curves wet-e like that ^ 
in Pig. i.. - " * ' . s . 
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* • Exercises 1-Q 

L. Draw figure representing two simple closed curves whose 
intersection is' exactly • two points. How many simple closed 
curves are. represented in your figure? , ' - 

2. In Fig. ^, describe -the region between tfte curves in terms of 

* intersection, interior and' exterior. " 

3. Draw two triangles* whose intersection fs a side of each. ^Is 
the union of ^the other sides of 'both triangles a simple closed 
curve? How many simple closed carves are represented in your 
figure? 

^. In a map of the United Statesy does the union of the boundaries 

of Colorado and Arizona represent a simple closed curve? 
5. The line >^ and the simple closed 

• curve J* are as shown in the 
: — figure-.- 




a. \Vhat is J n / ? .' V . 

b;. Draw a figure and shade the \ .. 
intersection of the interior 
. of . J and the C-side of ^ . 
» \ c. .Describe, in terms of rays 

the set of points on £ 

■I • • ■ - . . • . . , 

not iri the interior of J. * " 

6. Draw two simple' closed curves, one in the interior of the 
other such that, for no point P do the rays from P estjablish 
'a one-to-one correspondence between ; the two curves.. Consider 

■ -Fig. i. . ■ . ■ ^ 

7. Draw two simple closed curves whose interiors intersect in .- .^ 
three different regions*; ^ ' ^ ; . 

8. Explain why the intersection of a simple closed curve and a 
line canrio^t. contain exactly ,three points if the' curve crosses 
the line wri'en it intersects it; ^ . 




Chapter 2 
r/IEASUREr/IENT - . * ^ ' 

2-1.' Counting and Measurlnp; , - 

. Such common questions as v"HoW' many people went to the ball 
game?" or "How much meat /shall I buy?" or How fast can a Jet ^ 
travel?" have answers ^^hich are alike in one 'respect: tl^rey all 
involve numbers. Some of these anisv/ers are found by countinjK, 
while bthjers are found by measuring . 

V The question, "Hov/ many?" indicates that you are thinking of 'a 
. sefi of objects and v/ish to have some measure -of how many there are 
in the'Set. Such a set is called a discrete set. Questions as,: 
"How much?" "How long?" "How fast?" etc., /are used to describe 
something thought of as all in one piece, without any breaks. Such 
a. set is called a continuous set. Sets of people, housep, or 
animals are discrete sets; a rope, a road, or a flagpole are all' 
thought of as^. being continu^ous since they are like line segments; ■ 
you can count a number of line segments but- you cannot count the 
number of all points on a line segment. A blackboard and a. pasture 
may be thought of ,as sets of points enclosed by simple closed 
curves, and as being dontinuous. Such sets of points are not- 
counted, they are ^'measured",. ^ ^ 

Properti^l of Continuous Quantities . 

The sizes of line, segments and. of simple closecffe curves can be' 
compared without actually measuring them. . To compare segments, 
^and CD lay the edge of a piece of paper along dp and mark points', C 
and D.^ Place the edge of the paper along AB with point C on 
point A. If ^, D is between A . and B, AB is . longer, than CD. If 
D falls on B, ' the segments are the. same length; these segments, are 
said to be congruent . If ■ B is' between C and D,, CD is longer 
thacn AB. : \ 

The union of the set of "ail points which. lie on a simple 
closedvbur.ve or are contained in the interior of the simple closed. 
-curve^^^fi5:iljb^i called a closed region . " To compare >the sizes of ,£wo" 
• closed regi'ons,^,;. one may be cut and. placed over the other. 

Certain properties of geometric > continuous quantities are 
assumed: . - : . ' ' ' 




Motion Property, A geometric figure may -be moved without 
changing it& size or shape. " 

Comparison Property . " Two continuous geometric figures or sets, 
of the same kind may be compared to determine whether they have "fitie 
same rsize, . or which one is the larger. . * 

Subdivision Property , A geometric dontinuous figure or set 
may be subdivided. 

Subdi vi si on and Measurement . , 

The subdivision property of a continuous quantity is the basis 
for the process called ^measuring. If a segment AB^ is subdivided 
by V point C so that AG = CB, then AC is one half of If 
two pQ?.nts D and E are placed on AB so as to subdi vide ^ 
into^thr^e equal parts, how does ^ compare with AD? with AE? 

7S can be subdi vlded^so as to compare the length of one line 
segment v/ith the length of another line segment. Suppose a segment 
is chosen of any length Jess than- the length Qf call the 

length of the segment 'V'. * . ' 



n ^ 

I • 1 

-I— t — I > 

F 6 6 

Beginning at point A in the figure, above a segment of 
length n is marked off ^ times so that AF is "of length ^n. 
The symbol "^n" means "four times as long as the^ segment of length 
"n". It is said that tlite leng;th of AB is approximately equal to 
kn^ A symbol for the words "approximately equal to" is a wavy 
'equa.rs sign like this, You can state that- the length of . 

AB % 4n. Notice, how these symbols are used: 
- . h is the measure, 

n is the unit of measurement, 
^^n is the lengths. \ 
Subdividing Units of Measurement 

You have seen that the. sizes of continuous quantities can be 
found by measuring, and that for this a unit of Measurement must be 
used. The unit of measurement must. have two charj-stics: 



•1. It must ^be of the/same nature as the thing to be 

-measured—a line /segment to measure a line segment,: ' . 
■a closed region measuife a closed region, and so on, 
2, It must be possible to move the unit, or to copy it. 
. accurateljr, so /that it .can;-,be used to subdivide the . > 
rthinig that isviheasured. 
In* measuring a recfl^Eular region it is assumed that the 
\result does npt depend/ on hov/. the rectangular units are placed on 
'^^the large figure, * The assumption that the area obtained does not 
depend on the way the/ units are placed on a figure can be tested. 
Jleasure the" i^ame recyangular closed region with the, same unit, but t 
plaoe the units on-t^e region in different ways. If you actually 
try thlfif -experiment" you should get- the s^e results, within the : 
liifnits of ex^>erimental error. The assumption that a* continuous 
qu^intlty can be measured by covering it with units in any. way found 
^convenient is very impOTtant. If, In this experiment, .different^ 
results were obtained, then a single rectangle would seem to have 
"two different sizes. To agree with our assumption that continuous 
quantities of the same kind X3an be compared, the fact that/the whole 
^rectangle must have greater area than any part of it-, is accepted. 

To measure this rectangular closed region a smaller rectangular 
closed region may' b^^ used^as a unit,;^jr{>-* * . . 

, V ^ Exercises 2-1 . r 

1. Drav/' a triangle, a circle, a 'Square and a rectangle. If each . 
of these is used to measure the area of a sheet, of notepaper 
{a) Would any of the figures be hard to use as ''a unit of 

measurement? If so, what is the reason? 
(b) Would the measure be -the same number for any two of 
the figures? 

2. Use the closed region B as a unit to compat*e the areas 

of the tv;o closed regions. ^ 

A \ . ' .. , B . . , . 



The size 'Of closed region ; A . is apprpximately 
times the size of 'B, 



3. ■ (a) Compare' the dength of curve D wl.th the length of - • 



curve e;; 
c 




(b) Compare the* size of '^tyfie closed region D with the- 

, size of the closed region C, 
Subdivide solid A, into, parts the -size of box B/ The ^ Solid 
box A is ajpout . times as large as the gf^Ild B»< 




5. Drav; a triangle ABC> , On each' side of the triangle place a' 
" ^oint v/hich subdivides the side into two congruent segments. 
Name these points E>, E, ' and F, as shown in the sketch. .. Draw. 



• segments DE, EF,: and DF, 




J \ ■• : ; 

f -(a) ' Use a strip of paper to determine which segments ar^ 

c'ohgruent. ,(You shoiild find three, sets, with three-/ t j7 



segments in^jpach Set.) 



(b)-- There are. all simple closed curves in this figure. Some .• 
are triangles and some are four-sided, figures. Name all. 
the: simple closed curves. " • 

^. . (c) Copy^riangle' EFC by tracing it, and compare the area 'of<^- 
'\ the closed region EFC with the areas of .the other tri- 

angularclosed regions. / . ■ ' • 

. (d) VJhat sets of ' closed ;};»egions are the. same size? , (One set 
. should have^four members and 'two sets should >each have 
'3 members. ) 

•6. Could, the space, inside 'a .box be measured by finding how many. • 
marbles Of . a 'Certain size it will "hold? How would. the measure- 
. meht be stated? V/hat different shaped object t/buld be bettep: 
to measure this space? ^ - , ' . ■ 

.2r2. Standard Units of Lenp:th ' ^'V \., > . 

Ti^p people using different unit.3 to measure the- same ..thing may'/* 
well have. .difficulty comparing results; at least some agreements is. 
advisable^ When a -unit, is agreed upon and iufied. by a large number ■ ■ 
of 'people,' it^ is a standard unit . v, 

'"Linfear" means "having the naturfe of a' Tine". All measurement . 
of line segments is. : >cailed linear measurement' . . ■ . . . 

' In history dis§.greements about- linear /units became so 'common* 
-. that ;a group^ of Fr^^bh scientists 'called a confi^r^hce of. represen-' " 
tatives from many countries to meet. -with them '^nd.; establish an ^ 
international set of jneasures. This group, developed the metric \ 
system which discarde'd the^old units, and based all of; their units 

dh .the di'sliance from, the ' North' Pole to the^ equator. The meter is 

■ ■■ ■\. ■, ■' ■ ■ ' ' ' ' ' ^ . >■.. '.\ 

the baGlC-uriit '.pT l^ength' in thq mfe^ric system. (The meter 'was 
planned tQ^vba one ^^ten-millionth of the' distance from the No??th t'ole-'- 
to th^"^ E4uator, but recently 'an; ■1^ congress of scientists 

■>defined the . meter in, relation to light Waves)'; ,« -The ..metric system 
is usedyijy all s-cient'ls-tG in the V/orld '^and is iri cosimori 'tise in ^all^ •■ 

..countries except those in v/hich Eng;lish is the- main. 'language spoken. 
The National Bureau . of Stand4rds in Washington has an accurate 
copy of "the .ineter, a bat* . made|i^l^-.piatin iridium> :, since ■this 

■.■metal change,s very little in length- Under different atmospheric " 

-rcDnditiphs> Congress ':h?s passed a law that tells v/hat part, of, this 
•> ; . ■ . •; ■ ■ . ■ ■ ■■■ '-•■V .,. 

v-^c'l ^".38 ': •n-'lr". 



bar shall be the bfficial yard in the United States. This bar" is 

the standard unit 6f length with .which all standard units »9f length 
. ^^^^^^^^^^^^^ . _ • ' ' \ 

in this country are compared.". If a manufacturer wants to make 
measuring', instruments,, his* products must Jitat'ch the official 
standard;.-*': .< . • :^ . '. •'-^Z * 

- The Ruler ^and the Number Line 

•Measuring segments m^ay be considered the same: as comparing the 
.segraenttthat; is to bfe measured with a number, line. Actually, .arv 

. ordinary ruler repiresents a, part of a number line on which* the unit. 

is. an* linch*; - this part of the number .line starts at zero* and goes to 

12.>,; .. -^Nr- . ■ . ' . ' . 

' .. "i -- ■ * * • ■- ' . 

In "the first part of this section ;it was statecj thax' the meter 

is* the basic unit of length in the- Metric System . However, 'it is-'' 
frequently convenient "|;o us^ another, unit to measure 'lengtJis which ;. 
are. smaller than one meter. This unit is; the .centimeter wiSl|^ -is 

of a meter. Many coiranercially nfi^^vpulers have, one edge .\ 
labeled in ihches and the oth^r edge ^'ia^beled in centimeters. The "t):^ 
. following picture will help^you visualize the siz.e of ^ne centi- 
meter /aifd its. approximate relationship. to- the inch. ■■.^ 
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•1 Icentii^ieter = 



•100 



-of a meter 

A: 



. ■ I ■ 1. meter = 100 ■'Sfn. 

Under manjr . laboratory conditions *it is. frequently necessary to 
use a unit-'of nfe&surk smaller than the centimeter. For the^ !pur- 
poses scientists .use a unit which is * rpr of A centimeter, called a 

• ■ "V ■ '"t*' ■ r '-1 1 ■ ' A 1 ' 

millimeter. Ni^tlQ^e^^that x loo"^^-^ meter- is^ ±qqq ^ meter. 
The prefix %illi"'^n|eans one-thousandth. ^ The fbliowinp pi^q.ture.' 
wiir help fix the siz6' of a 1 millimeter, unit in our minds*^ ' 

icnrii 



^ I mm 



■ ' ' 1 ■ ■ ■ 1 

1" millimeter =■ of a centim.etet*'..=.^ j^qqq 

1- meter ; • = 1000 mm.-. , 



Off ammeter. 



cerelses 2*^2 




. . . - What'p'oi^ the ruler is belov; each of the points. A* through', 

'^■y-'-'iAsLy^'l^^ 51^;. (e) EG? '. ' ... 

if-o- diyid.e it into sections ^ 

^ . : K Is ■there 'any between parts j^a^) .^d* (b) of this .^ . ■' 

■';'^•v problem?;'-'..^ V, .- ■ ^ , V ■•■^V.-' 

•^i ' 4. Convert the ■ following measurements to, tlie^ u^^ indlb^ited;'' WrritQV 
the steps in dexaiivand state answers in. decimal 'form.. * \ . 
(a) , 17 cmL to rrmii ■ i , (b) 3.^ ri. to cm. v ' A5;«y■' 

(c) ^8 mn/iV;to cm." . ' (d) '357 mm. to m. . ■ ' '^.V 

(e) *93..cr]|t.' to m. , . * (f) g^l'm. to nun. .. ./V'.V,' 



1 



Meaning' df^ Linear / Measurement .* 



A ';iin0- segment may De considerecl as a set' df points. . WhenI;'a.';-> 



line /siegififent. is. measured in inches, 1 inch units are "placed vSid^^ 
I ■ V by sidfe-' :;oi) the line, segment ' so 'that two cons'^cutive units have,;- >• ' 
V ■ 'l^xactly on,e lioint in common. The segment --is the-union of the 
i V'leet^ determined by * • ' ^ ' y^"^.. 



B. 



yv.^*AB .--and iVB^^^^i^^ line sefgfnent is, exactly 6 -inches long this merely 
.. ':^^Sptiates^J^9^^^ pf^six unit segme^'ts for-i/eaehi'l^ i^ ' 

■ is a conceptual basis f or meai^.ure- 

; . ■ j in acftual practice * trie notion that approxim'atiori is involved 

'\' lis paramount. \ A similar us'e of union of sets will appear* later in/, 

;: connection v/ith area, and Ve^iume. . ' *V 



on 



2-3i Measurement of Anp;le3 • 

An an^gie determines three, sets of point:? in the plane., the. 
set of points in the interior of the angle, the set of points in 

-..v ' , 

the exterior oi;* t^hi^.. angle, and -the^ set ^pf -points on the. angle 
itsei'f,../ A poirvt^;,-^F- vis i^ angle' BAG , 4f.lt is, i 

•the sar* . side of -.line ' ABvv a^;'pQ 'C, and .on, the s^e- side;;ofjj 
line "as point'; BiV^A^^^ v/hlch, is not a . 

point on the anglev/'ahd' 'not . a point in .the interior is a' point in* 
the exterior of the-angle. ' - . . : - 

. As has been state.dvpre^yipuBly, .to measure, anything you-^ must 
use a unit of the sam'^\5ature\^^^^^^ the thingV^^^easured. ^ To measure 
an angle, an angle is.'bhQ^en as the unit of measure. In , the 
follovring sketch, the f inter angles. BAG, is subdivided so 

that angles are. f orme^^vt/^^ the unit angle shown.' 

The meastfre of / BAG, f or=>^:thi^.'ia^^ is '7; its .measurement \ .. 

is 7 unit angles. . '^.v:'' i 





UNIT ANGLE 



Sjdandard " Unit for Angles ^ 

/ V J-ust as "there are st.atjdard units for measur^ilg a line 'el^gment 
'(inch, foot, yard, millimeter, ' centimeter, meter)/; so are ;th^re 
standard units for measuring an angle. Start with a iine.-an^-ja 
point on it. Through that point draw 179 rays so^ that they, 
together v/ith the two rays (5n the givej^ line, det:brmine 180 con- 
gruent angles. These angles^;,; toge.theV*fWith their^ interiors, make 
a half ~pfl.ane. fogetl^e^? wlthv^the,. -ifri^e which .determii^es it. The rays 
are numbereidE in-order froni".'^ to l8o, forming a -scale. To each 
ray corresponds a number and conversely. In the -slcetch below, only 
the ray corresponding • to 0 smd every tenth ray .thfer?eaf ter is 



'(drawn. One of these iSO congrueriit angles is selected as the ; 
standard unit; its measurement iS-qalled a dep;ree and its measure 
in degrees, is 1. ' '* .v'.;-, "'-^ ■ . ' 1 . 




•Flsure 2-3 



; A scale like this can be used to measure .arr. angle. Place the 
angle on the scale with one. side of the angle on the ray that 
corresponds' to zerp and the vertex of the angle at the intersection 
ofjfthe rays. Then the number which corresponds to that ray along 
which the other side of the angle, falls isj the measure, of the angle, 
.in degrees. The size or measurement of ^tfee angle is that number of 
degrees. . , , * V^'Vi^ 

.T?he symbol for "degree" is "°" so'^-'that thirty-five degrees may 
be written "35°"* * - * *• 

The Protractor . Since placing gn angle on a.. scale is 
inconvenient,. an instrument called a protractor is usually used. 
Then the scale can be placed on the angle, rather than. the angle on 

the scale.".' " • ■■ - 

,.<C.onsid^4^ -t'his drav/ing, 'df a protractor and think pfv-the rays 
f rom'^point '.Vi,^^/ In the drawing, two of the rays are shoV^h in ddtted . 
.linesV'wMle on the actual instrument .a portion of each ray is 
.shovm on the curved part-. 



To measure an angle with: the* protractor, place the protractor. on 
the angle so that point V is on the vertex of the angle and the 
-ra^^hich corresponds to zero on the protractor lies on one side 
of the ^gle. Then the number which corresponds to. the protractor^ 
ray v;hich is on the other side of the angle is the measure, in 
'aegrees, of the angle. , _ ' 

An actual protractor has t^vo scales, one of v/hich ybu read 
from right to left and the other from lieft to right. 

Sets of Anp:les. Angles may be separated into sets according 
to their measurement or measures. 
' An angle of ; '^0- degrees is- palled a right an^le,.* 



-. An angle ;vhose measurement is less than 90 'degrees is . called' 
an acute angle . . . 




An angle whose measure is more than^ 90 and less than I80 



is called an obtuse angle. 



Perpendicular Lines ^^-^ 

When two lines intersect > they iare perpendicular if one of the 

•angles determined by .the lines is a right angle. Line segments are 

■ y ■ . ' ■ 

perpendicular" if the. lines on them are perpendicular. 

In similar fashion a line segment may be perpendicular to a 

ray or to a line. The symbol for "perpendicular" is " 



Exercises 2-3" 

1. In the next drawing a protractor is shown placed on a figure 

with several rays drawn from point A. Find^the measure., in 
/ . degrees, of each- of* the angles. 

; . (a) '/_BAK* (b) .^BAC (c) Z_BAD (d) £BAH (e) ^BAE 
(f) ; ^MAF : (g) £GAM (h) ^MAC -(i) (jf 
(k). £KAF (1) ^HAF . '\ 




2* Describe how to use a protractor to construct an angle whose 

(a) measurement is 20^. 

(b) measure, in de'grees, ..is 6l,; 



2-^.' Area • 4 ■ ^ 

The most familiar of the simple . closed curves, the rectaiigle. 
is .a-tfour-sided figure (in. a plane) which has a right angle at each 
of .its four corners. Under this definition is a square a ^ 
rectangle? » - . \ . ' . 

If the length and width of a rectangle are denoted by 
linear units and.u/ linear units, re:Bpectively, then th^ 
perimeter of a rectangle = (2^+ 2uj) linear^ units . .Note parti- 
cularly that A arid u; are measures so that the m'feasure, of ^the wi^th 
in the linear unit being used = u)' and the width of --the rectangle 
is equal to u; linear units. ^ . 

Opposite sides have equal lengths and intersecting sides are. 
perpendicular. 

If a rectangle is 6 units long and 3. units wide, then the 
rectangular closed region can Just be/^yered by unit square 



a^eas as shown • Is the large rectangle 




the union of tl^e eighteen small rectangles? V/ith respect to the 
"union" concep-^ note the similarity between the measurement of this 
rectangular closed region and the measurement of *a line segment. 

The measure of the area is, then, by definition, the number of 
unit .square closed regions. There is an easier way to get the num- 
ber than by counting, them'. 

Using ^ and w , as defined above, . 

area of a rectangle = ^. • w square units. 

• Exercises 2--^ 

1, A farmer has had' a rectangular garden for a number of years. 
He knows that the lehgth of wire fence around it is 50^feet 
and. has found by experience that he uses a 100-pound, bag of 

. fertilizer on if each year. One spring he decides to enlarge 
his garden so it will be twice as long and twice as wide,. 
Since the . old fence is worn out anyway he.- thVows it away. He 
then goes to the hardware store and ord'ers 1000 feet of fencing 
and 2 hundred-pound bags of fertilizer. Is this order reason- 
aljle? V/hy or why not? 

2. (a) A rectangle is 3 units long and 2 units wide. If 

. . another rectangle is twice as long but has the same width,, 
how do the areas of the two rectangles compare? Draw a 
figure illustrating the answer. Do the same if the new 

• '-.rectangle has the same length as ' the original one but 
twice the width. n ■ \ . 

(b) Does the reasoning used in part (a) depend on the' par- 
ticular measures, ^ 3 and 2? If ' not, Write a statement. 



3. (a) 



4. 



5. 



telling the effect on the area of doubling the length of 
any 'rectangle; >. On doubling the v;idth. 
If a rectangle has length and width of 3 un^.ts and 
2 units, what is. the effect on the area of doubling botH 
length and width? "Draw a figure to illustrat^e your con^ . 
elusion. Use mathematical notation*to describe, this ^ 
'situation for a general recljangle. 
In tbe rectangles of part (a) compare the two perimeters. . 
V/rite a statement telling the effect qri the perimeter of' a 
■ rectangle of doubling both length and width. Is this, true 
• ' f dr^ any. rectangle? 
A farmer found that it took 2^|0 feet of .fence to go around 
his rectangular farmyard. He. noticed that one of the sides is . 
^0' feet long. Hov/ long Us each of the other sides. Let x ' 
strand for the number of feet in the width- gjid write a-number 
sentence describing this problem. 

In t>he figure below, D,. E, F are the midpoin^ts of the sides. 
Let a stand for the number of. uni*}:s 'in tlie length of segment 
AF. ■ .;•/;'.. .. ' . 




L^bel vj[ith an a all the segments which have the same length 
as, AF.- Similarly, let b" be the number of units in the . 
length of AE and c the number of units in the length of BP. 
Write number sentences for the number of units in the perimeters 
of ^CED and AABC. . ■• 
In the previous sets of exercises English 'units - were used in 
-finding" perimeters and areas of closed' regions. Now consider the 
use of some .of the metric units. The....metriG units for linear ^ 
measurements were the meter, the centimeter and the millimeter-r^ The 
corresponding metric units Tor area measurement are square closed. 



regions having edges •which measure 1 meter, I centimeter, and 
.1 millimeter respectively, . \ 

■ 6.* How many square millimeters are there in a square centimeter? 
7m How many square centimeters are there in a square meter? \ 
8* Hov/ many s.quare millimeters are there in al s,quar»e metelr'? ' -« ' 
.9. A yu'^ is 2 meters by 3 meters,- Find its perimeter- and area-. ' 
.. 10* The floor of a room is in the shape of a rectangle,. ^ . 
The length and width are measured, .as h meters ^atnd 3 meters, . 
There is a closet 1 meter , long and 1 meter wide built in orie;' . 
corner. Find the floor area of the rbom ' (outside the closet}^: 



2-5«; Rectani^alar Prism 

■ . A' 'figure shaped like that shov/n in the next diagram v/ill be 
. referred to' as a rectanp.ular prism; most rooms have this shape. 
The flat sides of the prism, each lying in a plane, are called its 
face£, e,g,, ABCD* Note that each of the six faces is a closed 
■rectangular region. For e^ch face of the prism there is Just one . 
x>ther face that does not meet it; these are emailed opposite faees , 
OppQSite faces. .actually lie in*parallel planes and are;,^ongruentf. 
The set of air points lying on the six faces constitute the prism. 
The .prism has an interior; if you walk in a rQOm v/hich *has the 

^hape of a rectangular prism you are walking in . the interior, of the 
^rism. \ ' . ' 

Since two planes vihich intersect mustv intersect in a line, two 
faces which are not opposite must inter s.ect in points that* lie on a 
line, actually the points of a line segment. These segments are 

" called the edges, of the prism.. How many edges are there on a. 
rectangular prism? Some of-' these edges have the same length. Hov/ 
many different, lengths could there be among the 'edges? There are 
on the prism certain points^v/here th^ee faces intersect, or v/hat 
ejnounts to. the same thing, where three edges intet»sect. These 
points- are called vertices (singular r. vertex) ■ of the prism. How 
many< vertice's are there? -^x- - ^ ' . 

As you noticed, parallel edges have the same length, hence, 
,there can be at. most three different ler'igths," In the figure 
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below, the number of units" in the lengths of three edges have been 
marked as ^ , w, and h; ^these letters were cloDsen' since the lengths. 
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the edges in the three..possible directions are often, called the 
lenpth, width. ' and heip;ht of the li^rism/ Since all the faces are 
.recta:i£:,ulai' closed regions, -their areas, can be:-if bund readily; the 
■'■sum of the areas, of all the faces is called ii?he ' 'surf ace area of the ' 
; rectpigular prism. ' 
Volume :^ ' L ' ^ «: 

The t.^m rectanp;ular solid will .fe.ter to the set of points ■ - 
?^,^}ri^ union of a rectangular.' .prism and, its. interior. To 

.measure this .rectangular solid, yoi|i find, its' volume . T?his volume, 
will be referred 'to as the volume of the* prism; 'the . last- phrase is 
a figure of speech sines, actually a prism' does not have volume,. ■ 
though it does have area. .VJhen you measure a volume-, you -pick out 
■ some convenient unit of volume and see how many such units are 
necessary to mak^ up the solid* " ■ . 

The term "volume of the interior^>,fs5^^ prism" can 

be used in the" same^^manner as, the t'erm'v^^^^^ of, a 

■ rectangle" was nased. The volume'^q|\^'Sj^?^^^^ 
prism is ' equal to -'the volurie o£ -'corre-gp^^^^ ■ 

What must you.lmow in orae^^-fto flhd^^ttfe^^^^ 
prism? This procedure 'of . finding; the volume of. ^,i}ri^m;^^^^ ^^^Wr^ 



area of the ^base and height without neeciiri^-.to know t^_;^jm.q^^^^ 
of the base will be used agiin When bt;he&:^^ 

considered.. • .. ^ ■ /jf^- v':"- ' -'^^''^^^i^^^-i^^ 
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If all the edges of a rectangular prism are known, the area of 
the. base* can be found readily, then the volume; If a rectangular 
pt»ism a units by b units by c units, has es base the face 
whose area is a x b square units^ its volurn'e would be 
c X (a. X b) cubic units . Now stand the prism " oh" end so that the 
b . by c face- is the base. Using previously stated ideas .the 
volume of the solid should be V7ritten as a x (b -x .c)- cubi^ units. 
Resting the prism on Its third face, the volume' is b Xi(a^x c) 
cubic .units. .Since it is the same solid in different positions we 
have / ' ■ ^ : ■ ■ . • 

■ c X '(a X b) = a X '/b x c) = b x (axe). 

■Exercises 2-5- 

1. A room is 15 feet long,/ 12 feet wide, and 9' feet high; there 
- ; are five windows in the vralls, each 3 feet wide and .6. feet 

, :.hieh. ■. • / V . - 

(a) • How many asphalt /tiles, each 12 inches by 12 inches,' will 
. . be necessary to tile the floor? 

(b) Hovrmany tiles will be necessary if each is 6 inches by 
'6;lrtches?. . i ' 

(c) ''. How much wall, surface is there, not c outing the windows?; 
■': In finding your answer 'does it matter Mi^riQ the windows 

are placed? , yh^-" 

. (d). Hpw many^quarts of paint are necessary to paint these 
walls if a pinlf of paint will cover 66 square feet? 

2. A. trunk is 3 feet long, I8 inches wide^ and 2 feet high. The 
edges are -ail .reinforced with strips of brass. How much brass 
stripping Is necessary? Express the answer in inches, in feet,' 

and in yards. * . ' ^ " 

«- ■ 

,3. A cube is a rectangular -prism for which all the edges are con- 
gruent so all t^e faces are square close'd regions. How many 
square, inches .of wood ; are needed to .make a covered, cubical box 
. with edges :bf. 18 incites each? How many square feet? 

^. Let J w, h stand for the numbers of units .in the length, <;^V:^ 
width, and 'height of a rectangular prism. 

(a) Write a number sentence telling how to .f indVthe number, 
S, of square units in the surface area. * 



5. 



6. 



9. 



(b)^>Write a number sentence telling hdvTto get the total 

number, E,/of. urlits of length in allHhe edges. 
•Write, a .statement telling how to find the num[ber of cubic units, 
in a rectangular prism if the number of ^square units in the 

3f units in the height are, knovm. . 
hx units high and has a base whose area . 
Write a--number sentence showing how to 



base, and the number 
A rectangular box i; 
is B square units 



7. If J , 



get^^^e number, V, of cubic units of volume in its interior 
the. numbsa::^ h and B are known. Notice that this is Justj 
mathematical sentent^e fdr the statement you' made in Problem 



h, stand ;'or the number of units in the length. 



and height of a red^angular prism, write a number sentence 



telling hovr to find 
the interior of the 



the number of cubic units, V, of voliim 
solid, ■ - ' . 



cubic feet are in a 
elusions. 



8, How. -many cubic inches are there in a Vjubic .f oot? How many 



ubic yard? Show\how to obtain the 



(a) 
(b) 

(c) 




In a 3-inch cub'a (a cube each edge Vf which is 3 inches},^, 



what is the volume of the cube? 
Is it larger or gmali^r than 3 cubic ^nches 
careful *not to confus'fe the volume' of a 3rinQh' cube with 



Be. very 



a. measured volume ofir3 cubic inches-. 



If £ is the number . of inches in the edie of a 'c^ube, is 
it always true that tKe volume, of an -^^nch cu^e is 
greater than ^ cubic inches? 
10.. If a rectangular prism, is 2 inches lon^ and d inchy wide, what 

is; its height if the rectangular solid- is to\haveja volume of 

■ ■/ • 



1 cubic inch? . 

11, Te^l what will be the effect on the volume o 
pr^ism if ail its measurements are. tripled? Wiat will be the 

• effect if two are doubled and one tripled? 

12, An iron rod is to be* made with^a square crosiJ' section 1 inch 
on- a sideV If a cubic foot, of iron were moided into thig shapq 

. * how long would the rod be? Express the answer in inches, in 
feet, and'in yards. 



a/rectangular 



4J| 



13. 'If a building were, a one-mile cube, that Is^ a cube one mile on 
an edge'' would there be space for the whole population pT the 
United States ^C^bout; 176,000,00.0) ? For the populatUpl^.-Ziiif 
; ; China (about 600,000,000)? Could the populatlon,^oii::-.K^tfe^^^^^ 
; .countt»ies together be accomodated? (Allow 10 Qi^M^-'Ty^.i^^^ 
. -person.) • .v ;^; ' '* 

i.^. The length,. Ividthj £ind height of ■ a .rectangular prism . are 

measure,d as lol^ inches, Sc inches, and 3|- inches. Find the 
vplume of its interior from these measurements. 
.15« The floor plan of a: room is as shown:-^ ;. ' 



12 



6^ 



15 



/ How many square feet of wall-to-wall carpeting v/ould be 
necessary for the floor? V/hat is" the volume of the interior 
of the room if it is 9;feet high? , . ^ 

16. A pantry, the floor of v/hlch is^ ft. by 5 ft., is 9' ft. high. 
It' contains a deep freeze i7hich is 2 ft. by 3 ft. by 7 ft. 
Hov; many, cubic fect^of. space are left in the room? 'Express 
the answer also in cubic yards. 

In the preceding exercises volumes v/are calculated in terms 9f 
cubl:- yards,, cubic^ feet and cubic inches. Some metric units for 
measui-'ing volumes are the cubic meter, cubic ^centimeter and cu^ic 
millimeter. A cubic ■ ocntimeter and a cubic millimeter are' pictured 
belov/-. . ■ 



Icm 




1 cubic centimeter 



1 1 



I mm. 
mm. 



I mm.. 

1 cubic millimeter 
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17.. How many cubic milliipejerfe in^ 1 cubic centimeter? '^ v, 
18., How many cubic centimeteTs in 1 cubic met^r? 

19. 'How many cubic millimeters in l ci^bic ^ete^J . ..-v--^ 

20. Draw a .cube 3 cm, «on each edge. DraW also a.;i?ectangula!r prism 
\ whose volume is 3 cubic centimeters. \Vhich has the greater 

■ volume?' • ■ _ . 

21. ' fhe length, width, and height , of a rectangular prism are 

■' 2 meters, 3 me^,ers^ and X mieter. r^ind its total surface area 
and its, .volume , V- . v^, - . , " ;* ■ 

.22, Suppose that, in a room 5 meters: long, h meters wlde,^/aLrrd 3 , • 
meters high, a closet is built In one corner, ./'^'iiis^cib^^ 
■-to - the ceiling ancl has a base 1 meter oh a sid^V "'Find the > 
/r' -xSblume of ~the room without the 'closet. 



' Dimension -^i '. 'V'' 

• V Consider- "^^c^.-jfl^^^^ side by side. at;;a point A by the base- 
board of a room^ On^ of them is trying td. 'direct the other. -to. ' 

' craw]^ to a.lui[np.:-of sugar .which is also byHhe basetfli^^rd^ rWhat ; 
direction dde:s';hG n^ed to ^g ; . ' 



Presumably all he needs to say is "Follow the baseboard this way ^ 
for four'feet — you can't miss itiV The'complete description of. 
where the sugar is located by the baseboard can.r;be given by one 
number and ^one direction. For this reason the edge o^^vthe room is 
called one-dimen sional . . Of course, the section of b'^seilpard. * 
followed may be a single segment, or may turn one br more corners, 
'so £uiy segment or simple closed curve is one-dimensional 

If the lump of sugar S is somewhere out in the tnfdaie of the . 
flpor^ this T!)resents more of a problem to the directing .fly. His 
friend cannot get there at- all by following. the baseboi^rdi How can 
he give directiohs? Oneof the simpler wdys would be as shown below. 



■'' y .•• " 'i-." 



f.. 
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/ Follow the- b.aseboard this v^ay r for fdwrV feet. Then turn to/ the 
■ left so you .are headed p^rpendiciAl'ar to; the baseboard and crav/1 for 
six. feet-," '.in this case, when the "l.ujnp^ pi* sUgar was Interijbjc'Kto the" 
rectangle lt..v/as found convenient to use two numbers and- -tji^o 'dtrisc- 
tj.ons parall.el.:to!' an edge the room to^.^describe its location.. 
For this. reksciip the se^ interior to; a rectangle (or any simple . , ' 
closed ^curve^ '^s v call:ed \ l:TO-dlm6 '^v ;T^v^. ■Vy . ' 

If „the lump; of ''sugar on thej.floor at ali b"ut.v^is||some^ 

: *'^'\wiier^ el'se .inv the ro.6jin//'f or* ex-an^p3;^y:^ Suspended .f rom th,e cei/Ling "by. 
string, the ■problem\df Vi^irectlonV'}^^ still, ', ^r' v'*!4/'/|^^/r'C.'' 

^ .... . .; ^ y:.:0i:^^^^^ 




The directions' then might go like this, ,^(;ir^wi this, way along the 
vb^seboana^for four feet, then tur?n to the Iieit; and, proceed alpng 

the- floor'vperpendicular to the- basieboard f or^<six feet. You will .. 

then be directly under the sugar, Tcngetv'to. the sugar fly directly 

up for^tv/o feet". This time three numbers and three directions \ 

parallel to an edge of the rponi have been .'u^'dd to describe hoW to . 

get to the point S,. _^so the: iftterioV / trie room (th^t is, the-; 

interior of a' rectanguTs^'r s'oUd^ is called t hr e e -dlmen si-pri'al ..' * ' 

• On the basis of the above discussion what dimension would- you 
*want to give a point?::.'; \ ' . ■ ^ 



Roughly y tJife dimension of the set in whj/Jh the ■.fly moves .shdwp^ 
how much .freed6ra'iOf moVibn he has, ■ I€ he muBt; stay in the- one- • 



dimensional- set /donsisting of ^the 'floor' s . edgb^ he Cran.' oi^ly move 
•one way. ^r- .the other along this edge, . If he ,rp^y/'gd anj^here* in the 
two-dirafensional set. inside; the, rect^ngjular- edge he -can ,Cjx^^^ all * ' 
over : the floor If he is. Iri^rely^ confined to,.^^ 



set/interior to 



.;/.;;. EnyXlish Unit^ 



■:he-.rbom, ^he can fly all 'OV.ei? .ihje.; i?oora/ 



TABLES . FOR .REFERENCE . V 



;V i?. in;: = 

lei f t^ ' .= 

'320 rd, = 
5280. ft*-. =. 



' 1 ft. 

1 rd. 
1 nii. 
T ryi. 



. : - Metric Units .{ 

Measurements "bf L^gth''' ■ . 

■10 millimeter^ iCTTim. ) =' ■ jk centiirieteji (cm, ) 
■ •100 cm,. ' ==,- *'i 'meter .(tnV) . 

l>000-m, . V ■ ■ kUometef" (km.) 



Measurements of S^urfa^ce '7 



1^^:- sq. ■ in.v4^ I ' sq^yf : ^ ^ ' 'v X.OO^sq. mmw' »v='.-;i ;Bq 
■ 9 sq. . ft.. ; ■;:=. .I sq, y4>'* ' • ■' - "li^ '^^'^ Q>i ' rvm.; W cAi 



cm. 



160 sqv. f'd.*'! ^ ■ Ir.acr'e 
^3,560 sq. ft.jj;= .;':i'*:^G:re . 



10,000 . s^," cni-, s^. ih', 

..;Jl>00a-pqp. sq,, m. , = : l; sq. km. 



6to acres 



,1728 cu. irti 
*• .2-7%cu. ft. 



, ' Meas.ux;ernent's 'Of Volume ; 

■ ' ^ ^ ■ ■■ - 'y ". ' ' '■'•■•■'•ii 

1 cii. ft. .A;:1,000' cu, mm, ■= '1 cc. 

1 cu, yd, .^;^:^to^^yQpO cc. m. 



Metric and Engl^ifeh Equi^valents . 



1 in. >= 

q,. yd>, > 
■'i ,"n)ii-*'i^ 

•1 



2.5^ cm^ 
0.9 j m. ' 
1.6 km. 
0.4^' kg. 
.0, 95 




'0,"^,;:in. 
l,l:;.ydi .;. 

2,2 ab,c 

;.i,05 qt^. ', 



'■ ■ • ■ ■ Chapt.er-, 3 . 

, ■ ■ PARALLELOGRAMS AND TRIANGtiSS 

• ■ ■.. ". \. . • > ■ ■ ., ■■ ■ ■ •■ • " 

StI. Two Lines on a .Plane ' ■ 

Figure 3-l^:/sh,6ws that the Intersection lines 2 
is 'point. A.; Ra^s 'on are AB and 'AC. (Recall that AB 
mipans the ray" with A • as'^ endp61nt and ccjntalnlng point B). Rays 



on 




bbs^i^Ve that "th^e are four angles formed by the rays In 
Figure; 3-«la: angle BAE, angle BAD, angle CAD, and angle CAE. 
These'Urlgles shall be spoken of as angles- formed by ^ and >£p. 
"v;^ sbaii/speak of two intersecting lines, as determining four, angles. ^ 
Angles CAD and DAB have a common ray, A;D>' and a- common 
■ vertex, point A. Any two angles which have a ct)mrnon..ray, a common 
■ ^ vertex, ahd^^whose intdrior-S; hgve no point in . common are callfed . " 
.0 ad,1acent arigles . Thus, at^gl^e^'" CAD and DAB . are adjacent angles. 
Ansl.es BAD.^ and EAC- are not ad;^acent angles, but they are 
„both forAed by^.m^^ two lines and A^. When tiiJo lines 

" intersect, a pair of non-adjacent angles formed by these lines are 
^'Called vertical angles . Note that here "ventrical" is not asso- 
' elated with '^horizontal.*' Thus, angles - iSiAE and. CAD are a pair; 
of vertical.^ angles. v 

* Two intersecting lirifes separate' a plane into' Tour regions.^ 
Each of^theae fou^r regions, is the interior of an angle. /,Thc 
Interior of^^ach angle is the intersection of two half-planes^. The 
.. iyit^i-sectioi>-fof the shaded half-plane determined b^ \£ ^ and, the 
' sh€L4ed half^plane' determined by is shown in Figure 3-lb; The - 



intersectian^of these two half-planes is *"t>iG lnter»lor of, angle BAE. 
The interior of an^le/ CAD , is the rnteriekLtion of . the two remain- 
ing unshaded half -plan'^s. These two a*ngles, -efi'gle BAE and an^le 
CAD, ■ are verticfll angles. ... • • . *' " 




If the. sum-l'9f the* ijieasures in degrees of tvjo ahgles is *l8o,,' 
•the angles ar^e called supplementary anp:les^ ' In Figure 3-lb, the ^ 
shaded' angles- BAE -and BAD are supplementary.' These supplemen- 
tary"- angles ai'e -also, adjaceat angles. Ho'i'/ever, -supplementary ' 
angles need, not be adjacent angles-, , . • ' 
. / To' indicate the number^ of uni-ts in anfkngle, the symbol . "m" 
Toll'owed b:? .t:he name, of^^ the ' angle-i^nclosed* in parentheses will be • 
:.used. --For example, m(/ ABC) means the number of units in angle 
ABG. Arty angle :^an. be use,d as a unit of measure, but in 'this 
chapter'the degree will.be used as the standard unit. Thus .when 
you. wri'tef. md/ ABC = ^0, angle .ABC is a . degree (;^0°) 
angle. Note that since. m(/ ABC) 'is a^ number, m(/ ABC) = -^10,' 
not ....:'mj(^ABC J0°^:^ f,_ [ J' . ' ^ • ■ _ ; 
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Exercises 3:-l 




(a) Name .the angles adjacent" to /. JKI^« 

(b) Name the angles adjacent to / JKL, ^ 

(a) ^ Name the angle which with. / Jkm completes a pair of 

vertical angles. ^ ^ , ^ 

(b) ' When two lilies intersect* in a point. . hov?. many pairs of 

vertical 'angles are formed? * - ^ 

(a) Use a protractor to find the measures of the vertical 
angles., Z_JKM and '/^LIOT. . 

(b) . Draw- sets of two intersecting lines as in Figure 3-lc. 

. Vary the. size of the angles between the lines. With a 
protractor find the measures- of each pair of vertical 
an-gles, , ;> " 

(c) What appears to be. true concerning the measures of a pair 
of vertical angles? 

Property . 1 When two lines inttersegt, the two angles - ^in - each 
pair of vertical angles which are formed have 
equal, measure, or are congruent .' 
The following figure- is similar to Figure 3-lo'. Let x, y, 
and "^z Represent the angles . LK J, JKM,^ and - .Nm. ,.respe.c^^._. J:^ 
tively. The angles arfe. indicated in this way in the figure. : 



Copy and complete the following statements: 
(a) m(/x) + m(/y);= _? . 

^(b) If m(/y) is known, how can you find m(/x)? -How 

can you find m(^z)? / . 
(c). V/rite your ans^^rer for^pa]?t (b) in the form of a 

number sentence as is. done in parts (a) and (b) by 

copying and completing the following:^. 
' mH/x) = ? : ? ; - • 

m(Zz) - ■ ? . . , 

. (d) Write a number sentence to show the relation, between 

m(£x) and m(£z). 



3-2. Parallel Lines and Corresponding Angles 

A line which intersects tv/o or more lines in distinct points 



Ted q transvers al, of those lines> 

is a ;traxisversal# 



In Figure 3-2a, t 
Prom the vertex of angle f^ thei^eiis a 
ray \vhich extends upward on line^ t# 
This ray contains .a pay of angle b. 
Also, the interiors of ^gle b and 
angle f are on the same /Side o^ 
the .transversal * t. Angles placed 
in this, way arp called corresponding; 
angles • ^ ' , • 



If - .t wo ^rifteS— 



and 



are cut by the transversal t, 



and 



do not 



. and lines c^i^ u.^ 

intersect, in th-e language of sets. 




Figure 3-2b 



That i^, . and 



1* 



is 
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n is not the empty set, 

n t .is not the empty set, 
n is.thf empty set. 

^ cwiv. ^2 parallel. Neither nor 

pai>allei to- t, \ .\ 

■ Exercises 3-2 ' 
Use Figure 3-2aNto answer Problem 1. 

(a) . Name anotheApair of corresponding angles on the same 
side of the tnarisversal as angles b and f. ' h. . . 

(b) . .How many pairs W corresponding angles are in Figure 3-2a? 

(c) . If the measures Vf ^ a arid £ are- 90, what can you 
say about the measures of all the. angles in 'Figur,e 3-r2a? . 



2. 



(d) If the measures oF £ a and £ e are 90, are angles, h 
and b sup;plemery:ary angles? Ex-plain,. 
■ In the follo\7ihg tabLe, , using fig. 2b, ; predict whether r^ and 
intersect and, If sos where. Make a drawing to check your oredictidr 



Measure of .£ a 


/ Measure of £ b 


Intersection of \ 


In dec'rees 


1 in degfees 


'. r^ ' and r^ 


50 


\ 80' 




50 : 


I ' 50 ■ 




• '50 \ . 







3. Use Figure 



Copy the table and complete it- 



Measui'^e 



in degrees 



Meaarure of p 



in degrees 



i ■ and I 



Are 
Par&liel 



Intersect 

above tr 



Intersect 
b'elow — t 



(a) 



120 



l^:o 



(b) 



120 



(c) 



(d) 



(c) 




9.0 . 



(f) 



70 



.59 



.m 



ERIC 




Figure 3-2c 



\' _ As a •i^^g.SUly.-.-af . these ■ problem S_Jj e_ aa^P^ r^parlv r.n Rf-ntn -4 tWt^ ^ 

properti.esv'vV\y-.v' ' ' . . ' 

Proper uV/ 2; V/hen . in the same plane', a transversal Inter- 
sects tvjo lines and a_ pair of correspondlnr;' 
. . . ■ anp;les have different measui'^es, then the' lines 

intersect ,- 

Property 2a : . V/hen , in. the same plane, transversal Inter- 
sects tv;o lines and a pair of . correspcndinr< 
anp;les' are conp;ruent / then the . lines are 
.parallel. 



3-3. Converges 

" ■ ' ■ ■ ti • 

■ Certain statements are v;rit-ten in the for^m. If . • then 

. • for example, • ■ 

(a)' "If. tv;o ■an[:les- are Vertical 'angles, then the ^ngles^ 

. : 1 -have the sarae_rneas.ure_._!.^ ■ . . , 



Suppose a nev; statement is made by, interchangin^j; the - if". . 
part and tl;e^ "then" part. ^. Thus, \ ^.t ^ 

(b) "^ t.v;o angle J^'-have tlic same measure, th£n_', the Wangles 
"are vertical angles."- A statement obtained by such an 
. interchange is called a conver^d// statement . In the 
example above, (b). 'is called the converse of (.a), 
' Since such an intei'^change in-; (.b)'-' brip^,s us back, to 
(a), • you can' also -.call ..(a);- the ■ converge . of . (b) ; 
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If you interchange the parts of. a "true statement, will the nev/- 
statement always be true? . • ♦ 

■ 1. "If Mary and Sue are sisters, then Kary and Sue are girls. 

Converse of 1:' "l£ Mary and Sue are girls, then Mary and Sue 
are sisters. " Is the original statement true? Is the converse 
also true?. . « ■ ■ * 

Now consider the next statement': . 
■ *2.. "If Lief i'S the son of Eric, then Eric is the father of. 
Lief." ■ . ' 

■Converse' of 2: "If Eric is. the. father of Lief, then Lief is 
the. son of Eric." -Is the original' statement true:? Is the- cqnyerse 
.true? \ . ■ • • '■■ 

These tv/o illustrations shov; that, if a statement is ' true, a 
converse obtained by interchanging the^ "if" part and the "then" 
part, may be true or. 'may be false., 

3. Is statement (a) above, dealing with vei^tical angles, 
true? Is" the converse s'b^ifcement, (b)., . true? One cannot accept 
vjk -converse. Stat emei^nt fPf-^' true statement as alv/ays being true. ■ 

■■*?;Lj^t;/> v;^A.' ' ' ; E:cerciSes 3-3 

l. ""'kaW'^ v/hich a converse of s.tatement (a)- in 

Section 3-3 is not trud*. ' Must' any two angles, y/^lch hjave the ■. 
same measure always be vertical angles? ^-vv^'i^^ 

2; For each of the following statements write " tr!\5ie^^ ■'''i|i;'i3he 

statement i.s alv/ays true; ■ "false" if. the statement is some- 
times false. " \ 

(a) . If Blackle is a dog, then BlaclAe is a cocker spaniel. 

(b) . If Robert is the tallest boy in his school, Robert is^t'oe 

tallest boy in his class. , ■ 

(c) If an animal is a,hoj:^se, the animal has f our'^l.e^^s. 
3. V/rite a converse for each statement in Problem 2 ana tell 

v/hc>her. it is ^ue or > false. • . . » 

Read the f oll^^i^is£gi^Gine;CL^^^ "true" if the statement, 

is always trup; "£^lsc''^» if ^. thc i-s-tatemerit -is sometimes false.'/.,, 
(a) . If a figjfire' ^is'^a circle, then .the figure is St. simple . ^. 
. ' closed curve'. ■ \ ' . ] ■ ' * 

are is a silmple.' closed .curve composed of 'thre6 



(b) ' If . a figl 



'line _^^^m'ents," then the figure is a triangle. 



! j'".M;.^'p) If two angles are. congv^uent, they are right angles, • . 

If two. lines are. parallel , then the lines have no point 



^'• ^.-.^ V. in common. 

: : • ^ r.C^') tv/o angles are. supplementary, they are adjacent." 
■ ). »If two adjacent angles are both right angles, they are 
supplementary." 

a converse statement for the following property.. 
^'^^:hrK ■ ' Property 2a : If, in the 'same plane, a transversal'' 
■V:y;;'. intersects two lines, and a pair of corr(?sponding angles 
are icongruent, then- the lines are parallel. 
' Is the conyerse true or false? 
Write a converse statement for Property 2: If, in. the same 
v.'; plane, . a transversal' intersects tv/o lines, and a pair of 
V^v . corresponding angles have djLfferent measures, then the" lines 
intersect. Does the converse statement seem'to be true or 
false? • 

7. Can a cpnverse for a false statement be true? If so, ■ can/^pu 

. give an, example? ■ ■;;."•- / . : 

■'' ' ' ■ - ■ ' ' " *' '"' ■ ' V:. . * ■ " 




. Bi 'the'^dr;^ingv^^ fe.rarisyer3al for -^g/.^hd . „ 

J 2' ^2 a tranfeVerBal 

tor \£.-^ " axid-''^^...^ .A:,'.f-:!Sy^v^^ and ' AB , -^^ . 

and CA ar^: segm^;nls^^^^^^ lii'^^^^^rs. ' '.The union of 

three points not. Qh/tKi^^^barfe*^ in 

pairs called 'a triari^^ to . this defini- 

.'v i ■'■'^■> ^ V"ii ^^'''^'^^''^ ' ' 

tion, contains .triangle -■'A^Cv.-'^'Tfe.p arid C ' are' 



called .the vertices of the triangle and the. segments AB, / BC, 
and OA are called the sides • of*" the triangle. • 

Triangles that have" at least two copgruent sides are called'' 
isosceles triangles. If three sides are congruent the triangle is ' 
called equilateral . If no two sides are congruent ^.tlie triangle is 
called scalene . . . 

The union, of ^AB, BG;"" and Ic is called ;'triangi^. ABC.,''. 
Notice that poinj^s C and^ B are the only points -shared by -.^ " • 
angle ^A^ and side BC". Aftgle A and side BC. are said to be • 
opposite each other because thi^a? intersection consists^ only of the 



endpoints of BC." Is ^ B d^iip'ofsii^e AO':?:vn'my? 

Property 3,: In^'" an isosces'-lig^s? ^ triangle, the angles opposite 

congruent sides are congruent angles . ... ., 

' You can convince yourself that Property 3; is true Jsy drawing 

■, .•■»-» •" 

isosceles and equilal^eral trianglres, and by measuring the angles 
opposite the congruent sides. " ' . 

Sinrilarly the converse of Property 3 can be checked by drawing 
triangles^mth\a pair o^:"^ angles, or three angles, ^ cpngruent and: 
measuring the sides -opposite these angles. . , /•;'»■-' . ■ . 

Exercises '. 3-'^ ■ • . ■ ' ■ 
.1. If /a triangle is isosceles, ' is it also equilateral? .Explain 

your an.sv/eFj* :• . ' « ■ * . 

^■;2v ^'If a triangle is equilateral, \ is It also isosceles?' Explain 
' '^our answer, ■ , ' . 'y^ » 

3. (a) Cpuld a tri-angle be represented, by folding the . soddi ^ ■ '\ 
straw.. sh'ovih- in this- figure?., iplxpiain :^our answer « 



I ■ . ■ ^ ■ ■ \^ 



(b) Could a triangle be .represented , by fdlding*the soda- straw 
shovm he^ne.? .Explain your ansv/.er. " 



(c) state a property about the .lengths of the sides of a 
. triangle as suggested by your observations in parts 
(a) and (b) . ■ 



3-f5» Angles of . a^'^ Triangle \\ ' "\ ' ■ ■ 

;'The figure shows a property about the sum of the measures of 
tli^;an'gle of ^ tri^h^^ ; B ■ ■ _ 




i \ 0 A,- ■ ■ ■. ■ ■ e 

■ V The.following figures. 'Show another w;ay of finding oiit about 

the sum -of , the- angles of a ; triangle . , 





■■(a) . 




r 



1 



(1) 



i^/^Consider th^^ "ABC. and . the i-ay^r- AP and . BQ ; shown 



^^iifeldHV' RS is drav;n' through point C so that the- measure 

6f^i^'2.^y ■".and^'the measure of Z y' . are equal. Here a new notation 
yf is used, y» is read "y , prime." (in this problem this nota- 
tion'- is used, in namine angles. ) ■ ' ' * . 
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Use a property to explain "why" for-.ei^^^^^ V 
whenever you can: ; ■ : - i^V^ !5:-V' - 

. (a) Is RS . parallei-i;,$Jb^ ' ' '■"i'-vv'-'-^ ; ^ ^'W^ 

(b) What kind. pr,;gyn-'g^^ bfvan'gLes; -J.v ' ^H?'^' 
marked.^V^x i':^^d-^' ;;ct^^ ni(^ x) = m(^'x! • Why 

(c) What kind Mof! "angles- the pair ' of angles ' 

marked z '--/arici-. ) z » ? Is z)' = m(2 zV)? , ^ ''^Why 

(d) m(i/ y) = yO - . -.1 ^ ■^^ "^''Why? 

(e) ni(£ x) + m(/ y) + 'm(/.?) = in|^x<) + m(/ y»') + mCZ z') .. Why? 
is) m(Z ^) +^i"(Zy) + i"(Z 2) Is the sum of the measures; 

' • of . the angles of the triangle. . Why? 

.(^) m(Zx») + m(^y>) + i"(Z2')>* i :why? 

(h) m(Zx) +m(Z;y) +m(Zz);'=l80 Why? 

(i) ^Therefore the sum of the jj>§asures of the'angles 

' . ^ of . the triangle Is iSOi^r. ■ ^ ' ^ Why? 

;:Thls Is a proof of Property 4. | 

; ■ Property The sum of the - measures jln decrees of the an.p:les 
' ' ' ^ of any triangle Is ' 180 . 

.Notice that In ^;hls proof Just any triangle was. .drawn,. Does 

this proof apply to all triangles? If you are In doubt about this, 
vyou might draw sdme other t)::iangles quite different In shape\trom 

the one In this section-,, label points, "^gle^; segments, rays, and 

lines In the i^ame way. Then, try the proqf ^^above for the figure 

you have drawn. . ^ - 



- A* 

■'■2. 



3'. 



4. 



60' 




':.. :v . - Exercises^ 3-^ 

V/hat Is'' thQ^measuVW'^f' each angle of an' equila1;;e]ral trfSngie? 
What is the measure of th^ "th^ird angl©^ ofj^.tihe triangles If., two 
of the angles of - t|^^trlangle .ha:^^^ the follov/lhg meafiures?.;\;,v 
•■(aj. ■ and^ .■8oS^-- ^Ci^i'^^- ' • • " 
(b) . 100 ^ and 
■(:^) 70 ■ ^nd 

;Md). 8ov^4^ v^ .. -.; v;':, - ' ■ . .^^^^^^^^ 

ajappose dne^ ahfef^ hai^ a measure';of ; 

- 50. Find the measurS.s-' 6f * the other' twd .angles. Are two 

..different se^s of ansvjfer^; posfeible^ -^^ 

two triangles, ABC\ viri^^' DER, ; ai?e>drai^ that >' 
wm(/, bag) = m'(Z EDI?) = m(//B^^.^ 'mCZ .E^^^^ will' be .true 

: / about angles ^ ABC and DEF? ^^tUpon .what "property is .your . 

.answer .based? , ''^ . * v. • ; ^ 

. In; each of the fbllov/iVig 'the measure's bf certain parts of the 

■triangle ABC . iare giveh, those of ^ the ' side^ in inches dnd . 
' .thpse of the angles in degree.s. You are asked to find the 

measure of some other part^. In each case,; feive- your reason.^ 



1 — ' : — . ... r — ■ ' 

.• ' Givfen ■ ^ ' 


, ' -Find 


, . Property 


(a). 


mil ABg) 


■= 60, m'(Z BCA) i=. ^0.^ 


rii(./l CAB)' 


.,.•■,.?' 


(f) 


m(/ CAE) 


52, m(ZSCA) = 37. 


m(/,ABC) 


? 


,,(c) 


ni(Z ABC) 


= ko,- m(AB) '= 2, 




/ ■ .'. 




and m(AC) = 2, ■ ' '., 


ACB)- 




(d) 


m(AB) =.,: 


3/111 (-AC) = 3, m(BC) =• 3. 


. ; ni(Z BCA). . 


■■■■I ■■?■■.. ■■ 


(e) 


BAQ ) 


= .100, m(/."BCA) = ^0, 




1.: 




and m(iE 


■ y '■ ' ■ ■ 


■ ni(AC)- 

• 


■ ?' 
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6. In. the -f lgur^ at theSi^ght . 
' : * and X:2. a^ne, parallel!' . 

, ,^ (dT Does "mC/y) = m(Z n)? 

. • why? •;. / •" * . 

. Does/' m(/ y) =; iTi(/ u)? 
Why'? 

\ (c) Try to pt^ove that . 

• s-;. - m(/n) '^ rnC/'u.). ' " ;^ 

7* In problem 6, It has begn shown that.-the' meaeuf^es of. a^^ 

and b .-In the figure below are ecjuar If line r ; is 'par^llel^ 
to EF. .,.''Us^thls property " to prove ' that the suin>,.of the' me^^^^ 
. of the angles of triangle DEP shown 'belbw Is^ :. ' 





3-6, ^ Parallelograms / * ■ 'V • ' ; ■ \ 

^ 'In. the following flgu;r.e, '^1*' a?id represent parallel ; , ; 

lines*' Lines - a, b, and c are p^rpendlc^ular t^o 'IC^^ ^^^ go . ' 
through' three points: D,. E, and 'F' of K^. That is> the * 
lengths of, FA, and , DC are the distances from ;:Fj E, and'' 

. D to: line Ic^, One often draws a .small square,; as In the. figure- 
at A, B, to indicate tRat an anglfe is intended to be a rigl;it ^ 

■ angle . ' ' 'h--- 



■■ I. 
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In 'Ii;igure 3-6a, F4y. .. and ' DC represent segments whlcrh . 

ar^-^>equal in length. . This* common length^is, called the distance ^ 
bfetyeen lih^s . k^' and Jcg. Thus the distalhce betWejl^ ' tWo parailel 
lines may be descriibed as the length of . any 'segment .contained in a' 
.line perpendicular to the two lines, and having an eridpoint on ' 
each of-, the lines. . ■■. " • 

Any simple closed curve which is a-!un.lon'*of siegments raay. be 

called a polygon ." .The word ".polygon" is applied tp.. curves .which' 

■ •' ■ . . . ■ ■. 'i J ■"• ■ •■••i" ■■ ■*■* A.',' 

are inot simple, but any polygon' in this chap tier wi'lil;^ simple ■ 

closed curve. Unless it is indicated bthqfrwi.se,^^-^^^^^^^ .• 
'that a polygon li'es .In' a plane.. . . ■ 0 ; . ' ■' 

• Polygons with diijferent numbers of sides (i.e. > . segments) are 
•giveji spebial nam^s... A* polygon. -Wi.th . thriee • side.s,..l5 .,011.ed.„„^^ 
angle. : Similarly . a. polygon: 'with f oxir sides, .la %alIeQ^^ a quaj^l - 
^^^^^^^^rari& a polygon. with : fiye .. sidi&9f^is cabled a pentag'on. In;a- 
qiiS^}^iisteral\tW^ (se^eht^) ' whic^ .do not dn terse ct* are 

ca^lfed ■ opposit^c ' Tside 3 .' v ' . » ' ■ - . \ '.. ' . :v" "..-v" 

;,<j||i' particu'*^^ important kiijd 6f quadrilateral is the;^ 
parail|lbgram.. ' •. This is a quadr'^|atei?al V^Qse. opposite sides^/lte , . 
on pardlJ^JT'ei lines. If '^two segiTiehts liie ob parallel l$ries;^-;^ljiiti^ 
segment is^ ^re said "to^- be parallel ^ 



opposite $.%ies ;pf . ^ parallelograrii^ 




■ Property 5: ' Opuosl.te sides of . a parallelogram' are parallel 

and coin^gruent . . • 
This property of congruence , can be checked by\jmeksuring 
opposite .sides of several parallelograms, ' 

.-, ^ Exercises . 3-D/ : ....,._ , 

1. The following questions refer to 
a figure which' is a quadrilateral, 
• as su^gest^d by .the drawing. ' Each 
question, .i^owever, • involves a 
^. different .quadrilateral.. ' . ; 
J (a) KL is parallel to oJT, M' ' - • 
is parallel to Ka, Kl7 has. 
a length of 3 in; and ' OK 
a length of" 6 in. / What are^ 
LM and 




is the' empty set. LM 
is three times as long 
OK.- . 



• the lengths of LM and- OM? 

(b) KLDom is the empty set, LmHok 
has a length of ^ in., and OM 
as Hm. -Find the lengths of ^ KL ' and 

(c) LMDoK; is the empty set, OmDkL is not the empty set. 
Can -two opposite side^s have the same length?"* Can both 
pairs of opposite sid'es have this property? (Draw figures . 

: to illustrate( this. ) 

2. Draw a parallelogram and <iut; carefully along its sides . .The 
resulting paper represents the interior .of the parallelogram. 
Draw a diagonal (a line joining opposite vertices) and cut the 
paper, along -this diagonal. Compare-'the two triangular pieces. 
What do you conclude about' these triangular pieces? Carry out 
the same process for tv;o other parallelograms of different 
shapes.. . Write a statement . that appears to be true on the basis 
of your experience in the problem. . . A . 

3. ' In ■ triangle . ABC shoWn at 

the right, assume that the 
.segments AB, Wi, m, FG 
are parallel; assume that • 
. the segments AC" . and JG are 
parallel; and, assume that 
• the segments BC and "ke 
' are parallel. 




6^ 



(a) List the paraltelograms . ^ " * '-^^ 

• in the drawing.. (There . 

> should be 10 paral.- <^ ■ " . ^ 

. ^ -^^ ,^ 

lelograjns. ). , i - 

(b) Without measu}>lng> ll^Tt the segments in the above' , 

' ^ figure which ~ar^~^TTBruBnt to 7 ^ — ; — '■ 

(c) Without measuring, list ^the se^gmehts irtr»the above / 
figure which are congrueht to BK. 

(d) . Without measj.rlng, ll^t the segments, in the above-' 

■ i ^. figure which are congruei^t to GI. V / 

3-7. • Areas of Parallelograms and^ . Triangles . ^ .. 

If .the sides of a parallelogram are extended. by dotted lines,, 
as shown ih tlie Figure 3-7a.* ' 



. ' . : • • Figure 3-7a . . ' . , 

there are several j)airs of parallel lines cilt by a transversal. 
• . .. By making use of the converse of Property 2a, one can^rify 
Properties 6a and 6b about the angles of a parallelogram, v 

Property 6a : , The angles of a parallelogram at two conseca- 

. tive vertices are supplementary . 
Property 6b : The angles of a parallelogram at two opposite 
vertices are congruent . 
' According to the results above, what can you conclude about 
the parallelogram if_ / A. is^ a right angle? If the figure Is 
not a rectangle then /A. and / B. are got right angles,, and- * 
. one Qf them* is an acute angle. Why? Suppose the acute angle is 
^/A. From point D, draw the segment DQ ^perpendicular to the 
^se ' ICS" of the parallelogram as shown in the figure at the 
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-^right, " since AD and BC are cbn- 

■ gi?uent, imagine the triangle AQD 
moved rigidly, that is, v;ithout. 
changing its size and shape, into 
the position of triangle BQ»C, 

i 

-^lieu point — lie s' o n t he ex lerr- 
sion of AB. Why? / ' . 

*The figure QQ»CD« is^ therefore a rectangle, Moreover-the " 
Rectangle -QQ'CD and the parallelogram ABCD are made up of 
pieces of the same size. To find the area of tfie parallelogram it 

■ is orily necessary therefot^e to- find th? area of the rectangle. 

Notice that the base AB of the- parallelogram is congruent to'* 
the side of the" rectangle. QD ' is a segment perpendicular to 



CD 



and is called, an a_, 



lide. of the 



point • S, .The' figure 
therefore^ parallelogram,. 







/ 
/ 

/ 

/ 

\ / 









s 



the parallel, lines ^ • and 
parallelogram to the* base S", 

^ On the .basis of the^ discussion above the. following statement-, 
holds; "The number of square ur^its of *area in the parallelogram Ts 
the p3?oduct of .^the number of linear units in the basfe and the num- 
ber of linear units in the altitude to this base, 

Consider any triangle*^' ABC as, \' 
shovm at the right, fl?hrough- C and, 
B draw ll<^es parallel to segments 
AB and AC" and rgeeting^in some 

ABSC is- 

ThB-^seg- 

ment CQ .^ through^ C * perpendicular , 

to line AB is called the altitude 

. L_ • • v> ■ 

of the triangle ABC to the^.base AB, \ ' 

The length of altitude is the di'^tance from C. to line AB, 

Notice that AB and C^ ,are also*a base and an altitude of . the 

parallelogram, ■ ' ■ ' • ^ ' ' * 



trfangles* ABC and SCB* are the same, ^ sljice the two triangular 
regions ^over the whole parallelogram and its interior, To^^lows ^ 
tj^at .the area^of the . triangle ABC ^s one half that of the area of 
the parallel|^ram aSsc, "The^umter of square Qnits ir» the area . 
vof a "triangle i^ one-half -the product of the number* of linear units' 



In Exercises 3-6,- Problem 2, you dis.covjj^red that the areas, o^*.. 
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: in the base and the nuiUber of linear units in the altitude' to - 

■■■'■■* 

* .this tase." ^ , - . 

Area of a parallelogram: If A = area, b the base, and h -the ^ 

altitude, then A = bh. 

Area of a triangle: " If A = area, b the base, and h the • 

— — _ _ aitdrtude-,--then-- -A — ^ - — 

Exercises 3-7 . 

^;1. Find the areas of the parallelograms shown, using the ■dimen- 
sions given. ' . , - 
(a) ^ (b) ' ^ , . 6' (c) 




3. Let QRST be any parallelogram not , a rectangle. One possible 
drawin'g is shown below. Extend the line segments TS and QR 
as shown in the second figure below. At the vertices Q and 
S, where the angles of the .parallelogram are acute, draw the 
perpendiculars QV and SU. QUSV is a rectangle. Let b 
be the measure of QR, h the measure of US", arid x the ■ 
measure of RU. 



* 
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(a) If the measure of QU is. b + x, what Is the 
. measure of VS? . ' 

(b) ■ \^^hat Is the measure of QV? , ■ 

(c) What Is the measure of TS? . f . . 

(d) What Is the measure of W? ' ' .. ^ 

(e) \^lhat Is the area of QUSV? ^ ' V' 

(f) \^^hat Is ihe area of the triangle R]LJS? 

(g) VJhat is the area of the triangle . QVT? , 
(hy) .Using your answers from (e), (f); and (g) above, , 

'■ . show that the area of QRST is given by the sentence 

.A = bh. ^ 
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, ^ ■ Chapter ^ . . 

CONSTRUCTIONS AND CONGRUENT TRIANGLES 

4-1, Mathematical . Drawings 

Drawing pictures and diagrams helps us solve many problems. . 
For; some problems th^ drawings need not take^long .to make and need 

not be carefully drawn. 'For such problems a rouph sketch of the 

situation Is often sufficient. Other problems can be solved by 

measuring drawings, but when drawings are used this way they should- 

be accurate representations. 

Many tools are used to make accurate drawings. A man whose 
.job Is »tb make accurate drawings 

Is called ^ draftsman . He uses a 

compass and a straightedge, but 

also he uses many other tools. 
,DraftsmQji use such tools as 

protractors, T-squares, 30-6o. . 

triangles, 45-45'; triangles, 

rulers, parallel rulers, panto- 
graphs, and French Curves to help 

make drawings accurate. You will 

be us^ng some of these tools but 

others.^ are too expensive to obtain 

at tYils time. 

Relationships among two or more. lines on a plane, are of 
special interest. Perpendicular lines are lines that intersect so 
as tp form 90° angles. Parallel lines (in a plane) are two or more- 
lines that do not intersect, or,* in set language, lines whose inter- 
section is the empty set. Perpendiculars may be drawn accurately 
with the aid of a protractor. . ^ 

Protractor*^ can also be used to draw parallel lines accurately 
-li'f you' "remember that corresponding angles are equal when f ormed by 
parallel lines ^d a transversal. Suppose you wish . to draw a line . 
I3krallel to a given line. One way to do this is to draw a line 
v^perpepdiciilar to the given line. Then any line perpendicular to it 
'is parallel to the. given line. 




Triangles .can be drawn^with'a rul?r and protraotpr If you know 
the* measure of two sides and the angl^ between .those sides, or if 
you kiTow the measures ef two angles and 4;he lisngth of the side 
..between the angles. V . 

For the flrstf siet* of measures, two- sides and the angle 




etWi^en th'e; sidesy follow these steps; 



a# Use yc5ur , protractor.' to' draw Eui angle of^ the given 

vb« Use ybur ru^'i&r to.'^.easure one side- of the triangle on : 
' ray of .the' a^^gle. . Be. siire the measure starts at.' 



the vertex. 



c'; 'Meagre, the other sl'de.fen th^e; ^ecorid ray pif the ariglei; 
-d. GonhejUt ^the endppir^ts ■of the^ s^gments tcj ;f brrrt* 'the; 
■ '> third-Bide. ^. " ''V'^'' ^ "^'V'.: 



Scalfe , drawings - ape representations of !Tigur^s' W ar« veii*y ' ' 
' Important* in Imanyvt^es* of work. The first : scdle^drawihg ■ 

is to ;select a ;sc'a^^ measurements of .:the object u^ 

V c'on&trtiajjion ..may be* drawn (jn y^ur paper. . Suppose ' y^ 
a represerttatlbn of a -footbair field. A fpotbali: field, is. a^ rec^' 
tangle whi'ch .ls/iip6 yards Ifeng, and 53 j yards wid^^^ 
of an inch, to : represent oa^^ard, the length, of the 'fie^^^ 
-6 4 inches^on your 'paper^ Tl^s nillaber .is obtained aV: follows: 





2. 



What is Jjap^ the last two lines drawn? 

Draw an oblli^w^W^ jnark^ two ppints A and 



i S. and B- 



B. Draw lines 
80-that^they are parallel to each 



through pQu ^, 

o\A\Qr QXi^^^^^^J^a^ lir\e',ljntersectg the oblique line forming 
angles of ^; 



5. 



.in 
Draw ^a t: 




i-^gle tha t has two angles of 6q^ 



with a side 2 7^ 



tiopg between t^iQ angles. 
tM- <?f; triangle i,Si^^^^^^ 
igl^. with^side? pf 2 ^ inches; and 1 
' the angl^jSformed* by "these ;^ides being 110°. 

40':i?iires east:^ of :ciLty A and city C 



inches, with ' 



City;' isl^l^^^^^^^^ eastf of :ciLty A and city C is 30 miles 

north ^^^^y* ::B/'-^^^ represent one mile draw a 

map i^v^^? '^Xbr4n :^ of these distances. 

■ many^il^^i^ to city C 



How 

in a direct line? 



of :^a.; .: ' 
iS; c'ou3?t. ■\ 
a i^ength. 
lidth of \ 




alley . 



service 
coTirt 



\^-2. Obristructions. ' , ^ 

The ancient Greeks, whp were the first people to make a science 
^^W^^"^^^^ * had rulies^ about the tools that could be used in 
" gllometry. Only two : tools eould be used; a straightedge to make . . 
•straigbt line S(sgm^ntg, and. a compass to draw circles and arcs and ' , 
to mM4|ure segments' of . eiqual length. An arc is any part of a ^ 
circl^ Notice; that" a/ qompass will not measure -a segment in inches 
or a^ny^ other ■ unit, but .it can be used to construct a sediment the 



^ain'e length ds some other segment.. In this chapter geometric 
.drawings made with compass and straightedge are called' construe- ^ 

•tlpns. ' . 

' .1 . . 

In the problems which occur at the end. of this section, some 
terms are used with which you may not be fa^illiar. When three or 
more lines intersect in^^^ 9^ concurrent 
lines , ' ' ' , , 

A polygon with four sicjes is called a quadrilateral; one with 
five sides is called a pentagon, with six sides a hexagon « and one 
with eight sides an octagon , If the sides are all the sam^ length 
and the. angles all have the same measure, it is called a regular 
polygon. A poly go^ is said to be "inscribed in a circle" if 
every vertex of the. polygon is appoint on the circle. 



-, . ■ ■ ' ■ ■ ■ » ■ ' ' *•* • • ' ■ 

1> Bisecting a line segment Bisecting an anple 

The 'figures show the steps In The. figures show the. steps 

bisecting a lin5 segment with In bisecting an angle with 

straightedge and ^compasses ^ straightedge and, compasses. • 



This construction. can be modified 
to construct, a perpendicular to a 
line from^ a point not on the line. 



• ^ , Exercises ^->2 .\ ";. ^ 

1. - Use a 'ruler to draw' a horizon)tal line 1 inches long. . 

Construct a 'vertical segment the same length. ■ ^ 

2. Use a ruler to draw. an oblique segment , 3 ^ inches long*^ Con- 
struct a horizontal segment the same length. 

"3. : Bisect each segment . that you constructed in problems 1-2; Use • 
. . only compass and straightedge. ; « \ .' . ' Kl 

,4. - Draw an acutye aiigle i^d .bisect it« Use compass and strai^t-^ 
•v ^.Ifedge. ' ■ ' . ■ * ■ • ^ ■ ■ , ' 

5i Draw an obtuse angle and bisect It. Use. compass ajid straighif- 

4f . ■ ' edge.. ■ ■ /■ : . ' .'. ■ ■ ",, ■ /. 

6. Draw a segment and 'then divide it into 4 equal, parts. USe. A 
compass and straightedge only. '[ ■ , \, .\ • 

7. Draw an acute angle and an :obtuse angle.. Copy each angle using 

compass and straightedge onlvf;' 

■■ • ■ ■ ' . , ■■ f ' ■' ■ ■ ■ ■ ■ ■ ' . ■ . . . > 

8. (a) .Draw a triangle; Then construct the bisector- of each' ■ 

■ • angle. Extend the bisectors, until they cross. /• . 
(b). What do you no'bice rab'oMt the figur6;? . 

9. Draw an ob'tuse angle and divide . it- into'-f out. equal angHes. , Use 
cibmpass and straightedge. ~> ■ 

10. (a) Draw a triangle.' Then erect perj>endicular& from'. each 

vertex to the opposite side. Extend the perpendiculars 
^mtil they crpss. (It may be necessary to extend the^ 
. ' sides . of the triangle •:>so ' that the perpendicular meets" this 

• iine..y ■ y.'. ' v' 

* (b) What do. you 'notice in' Ijhis figure? 

11. Construct a triangle, whose si#es are the saije length as the . o- 

■'. segments given here. ■ ' • ..; . 

• ■'. ■ ^. ■ ■ ■ '•■ ■ V . ■ ■■ . ■ . ■ ■ ■ ■ ■ ■. .... - - . 



12. ^ (a) . Construct , a triangle with a base the ^a^Jti^ J^^J^eingth as the ^ 
■ .segmient drawn here ^ and with the : ani^l^s^^ajt^y^^ end of the 



• , .(b). 'V/ill all triangles constructed n lodk 
^ : alike?,. This, construction is used to draw triangles when 

• '^^\, tv7o^ ahgles arid tl;j^ side between these angljes are kpowij. 
13. ..(a^^^ 'iCQnstruct. a triangle- with. tvzp. sides the : same size as • " 

• '^"^-^^^^^ segnieht&'^nd with the angle brmed by these seg-^ 
■ . mentSr the same^^ ^s,.i:Hte angle dra™'her,e.. ' , 



,\ (b) V V/ill^ all triangles constructed with th^^ measures look 
. : 'alike? This construction is us^d. wh^n:tto- sld and the 
, • • ^''^'axigi^ 'between those sides are ^.known, ' /-.^ 
1^^. • (a) ' Gonstru.ct a right, triangle that h'ars one acute angl,^ of. . 

• r . 60^. • Hint'; Hov/ can an equilateral' triangle be used as 
. .. the basis for this? .- How many degrees' ii^^^ch . an^le of 

an "equilateral triangle? How can. you make/two right 
\, . . V .. . triangles from ah* equilateral triangle? v 
(b) . How many degrees are there in t^he measure of the' third 
■ angle- of this particular l^ight triangle? . ^ 
]^5. Draw thre^ rays ^such' that, .the endpolnts of the rays are the 

. .^only .point of InterBedtipn. , 
\l6.l ' How many ^gl'es are formed by"* the' rays in problem' 15? 
17., Sets *6f •conciirrenf lines ft,t"hat aire related. Xo triangles are: • 
• . . ,:;^he^perpendi*cular ,bisecto2;*S of'- the sides, . 

,The b^^se'ctot^ of -thg ^aiigle^, ; ^ - " ' ' 

The per^endi&ulars;? fboiQ each vert e?t to the , opposite 
6ide, (Tl!ese perpen,dicj:il'ars %l^e The ^iltitudes of hei;ghts 
•. .-.^of ' iJhe trj^angle^). ^ ' ■ ■. ' .. ■^ • / ' 

(a) Draw'-fii., triai>gX§5 '^en f ii^d, ' by; aoh struct ion, the mid- 
.(•^ . . point ; of each sid(^. " Qoni^ect each- pf ■ th^se tnidpoihts to 
• ■• the. opposite. vertex^ . TH4se segq^ents arid" caiifed 'the.- 

' .' medians, of jfl triangle. U v. . ^ \ . 

• ■■ ■■ — ^' ' • j^. ■ % ■ ■ 

c (^) Are the mediant con curreiit? « 1 



^.i;;>spi*av7..a" cit^^^^ . V/ith the same radius, 'usQ ahy/poiht pnA ; 
'^^^^^^^ as' center ..and inark 'p^^ a5?cs on :tije . cii^cle- -at equaX dis-^ 
/v'^tarice^ from' t Mpve the point of ,the cpmpa'ss' to: one - 

point ,'^Here. the. arc crosses the- circleV "Mark a^ 
. . the- circle. Continije until the arc dravm fall^^ a,t .the .'sta^tr-^. 
■ * ■ ing .point.. - /If ^jcou dp this .carefully you : will di^ 
,^ the last arc drawn falls exactly on the first ^^p^ 
\ ; r ' a-i . •:;How \rnany arcs kpe;there? : > •. '"^v ■ ■ : 

. -b." .. Connect* each'intersectiton- of; tAe^ cir cin arc. t;6: the 

intersection on' .each side of it. - . ■ v 

; :c figure do these segment ' 

•r,' di . How ' can" ^^^y these po'ints construe^; an /^.quilateral 

• ,• ^^ ^triahg^e^- " • 'V.'. / " ■ ■-..'■'■^ v --" 

• " e. How can:* you. form a six-jfeinted. sjCa^ -V; ■ i^ r:^^ • ■ : 
. ." f.. Using the same radius as the. cifeley'/yriaviv^^ 

V /.VfS? point on the ci-i?Gle to another* .Move the potiit-o^^^^^^ 

■^^iJ^^Wcomp^ass .to either - intersedtion "and repekt-^v Cpntij^iue."": >" • 
. • ^ . around" th^ circlVv • .does this, f igure' loQk- like? 'r^'-Vi" 

:i9. pr^w a circle .and brie ^diameter^.- Qbnstruct a diojneter;-p^^^ 
■ dicul^r. to' the first; diarhe^ter. • Connect ■the/endpoixits 
• . diam^tej in -ord^r. . ' / ' ■ ■ ■ 

• ' :a. ' VJhat'figure does; thi^ form? ' * ■■ V; • , ' ...^ 

V - b*. How pkn ypu form -a' polygon with twice; as •many: sideis? The^^ 

aire- two ways that this- can ..ddne.. Can you find both 6# 
' ' ' them.?, . ■ • : • ■ • ■ ■ V • '^v- *V ' r/ Z ■ • 



\ ' '■•,■■*•■<■ ^- 

♦^«3. Symmetry ■ . 

This' section is devoloped jso that you will be able to discover; 
for yourself what is meant; by 's;J^ ■ ;i v W, ; ■ ' ' • 



7a 



Exercises. ^-»3 

1. (a)' Fold a sheet of notebook \ 

\. paper dovm the middle. 

Starting at the folded 

edge, cut off a right 

triangle with the longer 

leg along the fold,, as in 

Figure 4-3a, Unfold the \ 

piece you have cut off. 

What shape is it? : ' 

\ .... ,^ ■ Figure ^-3a 

(b) Label as A the vertex at the fold, and the 

tices as B and C, Label as " D the inte 

* the fold and- the side. The f igurd^ now' resgm" 

Figure ^-3b. ' 



2.. (a) 

(t>). 






I ■ 








V 


o 




-1 
o 




u. 


\ 




\ 




\ 







D B 




(c) R^efold your triangle ^along 




) ■ 

AD, Do right triariglet^fi 

A?'B D- ^angl A C :D (Sxaclily ' 

fit over, each othei^? It is 

■ ■' ** • 

-said that triangle . 'ABlj^ ^ 

^ '** . 

has symmetry with respect to 

' the line AD because when 

folded along AD the two. 

Jialves exactly fit. • . Line AD 

i s an axis of symmetry of the ' 

triangle.. - \ 

Take another piece of* notebo^^k paper and fold 'It lengt]j|- 
wise down the middle. *' 
Take your folded sheet and 
fold it crosswise dovm the 
middle (so that the crease 
folds along itself.) Cut 
off the copner where the folds .. 
meet, as- indicated in Fig. ^t3c, 

c ■ 

Unfold the piece you cut off. 
What. shape is it? 



Figure ^l-3b ^ 
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5. 



^1 




(c^)' 'Label 'your f is#qf as in 
Fie. ^I-Jdv^ .If you fold' 
, along "AC ;do. the t\ip 
...halves exactly fit?, Vfnat' 
^^.happens iT you fold along 
^? Is there an axis of 
;D:^nnrnetr%rV Hovr many; : ' 

Look at the regular hexagon in ■, 
■Figv^e ^-3e. • Does each dotted ; 
line* determine an axis of 
symmetry? There are other axes 
of; symine.tfy.. Find' them. - Hov; 
many axes bf symmetry does a 
regular hexagon heive? * . 



Figure ^3e 

Draw ^ circle and one of its' dimeters. Is this diamet^J^aaa 
axis of symEietry. Does a circle have^ other axes of .symmetry? 
/Vre there 5 axes .'Of symmetry? 100? 10-^? Are there niore than 
any number you may name? ■ . 

LoolC;at the ellipse \.r) Fig. ^-3f. . v . / 

It is a figure you get if ypu^ 
slice /Off the tip of a cone but^ 
do not slice .straight across. Is 
AB."an axis of symmetry^?. Are 
there others? • How many ^xes of 
symmetry does an ellipse have? 
, AB is called, the [najor axis of ■ ' ' ^ 

'the ellipse. Or\ ahother axis of symmetry is a 'segment cabled 
' the minor ax-is o^j^ the ellipse. V/hy do you .think AB is called 
the major axis? V/here' is" the ^minor a^xis? • • 
• s From these exercises you have learned that many of the geo- 
metric figures ybu .know are' symmetrical with^espect to a l:^ne.' 
Many ornamental designs 'and -d^orations also l^ave such symmetry. 

■ Definition^ :\ A' figure i-3^>syjnmetrical with .respect to a line . 
if for^, eaph point%^ A on the/'^figure "tShere is a point B on the 
figure "for which •♦ the ^llnte. Is:' the perpendicular bisector x)f TE. 




Figure H-3f 



6. D3?aw a rectangle and drav/ its axes of symmetr;y. Label, each 
^axls of symmetry. ^, Hov/ many axes "of symmetry does»^ rectangle 

^ '"Rave? ' , • . -\ 

7. Draw an equilaterai triangle, and' label each axis of symmetry. 



8. 



^Hov/ many .axes of symmetry are th^re? . . 

etry. Hdi 



\\r mahy axes 



Draw a square, and label each axis of symmetry, 
of symmetry does a square have?' v ^ 
Draw and label the axes of, symmetrjr, if there are any, for 
each 'of the figures. How many axes of symmet!t?y does each ' 
figure have^ » • ^ ,^ . .. ' 

(a) 



(c) . 



'(e) 



(s) 





(h). 




lOi It Is said that a' circle Is- symmetrical with respect to a 

point, its center, - and that, an ellipse is symmetrical with -. 

f 

respect to- a polnt, its center (the point v/here. its major and 
minor axes Intersect). It is :also salciv that the figure below 
V. is symmetrical with Respect ^to pQ:lnt , -- 0, '.•.Describe in your ovm 
words v/hat 'you think ^s meant by^ symmet3?y:^^v/ith respect to. a 
- ■ point. . . 



Which of the figures in Problem 9 have symmetry. with respect 
to a point-? 

■11. When an. orange is cut through the center in such a way that each 
section is cut in half, you may think of the surfaces made by 
the cut as symmetricial^ Symmetry of this kind is symmetry with 
respect to a plane. Name other objects that are symmetrical 
with respect to' a plane, ^ 



■h^h. Congruent Triangles ^ • • ' 

In Section ^-3 when you cut along a right . triangle on a folded 
■sheet of paper, you produced an isosceles triangle. The axis of 
symmetry (the fold) forms, with the edges, two right triangles 
which have the same' size and shape. When two figures have the same'-, 
size and shape they are congruent . The two right triangles are 
congruent triangles, 

Tv70 circles, each with a radius of five inches are congruent, 
as ape tvjo line segments having the same length. Also, ^wo. rec- 
tanglef are congruent if their bases and altitudes are congruent. 




J . ' knfrjt^ ■ •B and F, as shown, have equal measures. You may 
say • is ' cbn^^ruent .^9 /^^F, and you. may v;rite / B = /. F, 

' v/here the symbol " S stands for the word "congruent". Is 

■Zf ^ \: ■ - ' : ' 

■-, Consider two con^uent triangles, DEF and ABC traced on 
paper. If the paper is cut ; along «the sides of triarigle DEF, the 
paper model would represent a triangle and its interior; The paper 
model could be placed on triangle ABC ..and the two triangles would 
exactly fit. If point D ijglre placed on point A with DF along 
AC, point F would fall on point C, and point E. would fall on 



82 



point B. In these two triangles there would be. these pairs of 
fi. congruent segments and congruent angles: . ' 

CB = 'FE ?/ • Z C * = Z F 

CA ^ FD . : ZA ^D. 



■ Recall that anothe^lj^^" of expressing^Z B = Z E is' m(Z B) = 
^{/^^y* Your choi(^e of expression ^will depend upon whether you 
wish to emphasize . the anglefe as* being congruent f igures or'' the 
measures as being equal numbers, * ' ^ 

In tA'iangie- ABC, sides AB and BC and Z ^ are referred 
to- as "tv/o sides' and the Included angle". Z A , and Z and 
side M are called* "two.^p^les l^ith ,the included side"-. Do you 
see why? , • ^T- ' ' ' 

In the study or constructionSj we found that a triangle^eoultl 

be constructed if certain parts (sides and alj^gles) "a5?e' g;l:ven. 

Three cases were considered: 

• • • ^ fji- 

(1) two sides and the included angle, ' . ' 




(2) two SnglA^ and the. inclu^d side, 
. tfiree sides (prqMded that the me^sun^ of any one 

^ side is l^s than' the sum of,^-%tij*^^asures of the 
olher two sides ) • 
Yoi> may wish to try the^e constructions ^again. 

1 Ft^thernjpre, by con;;i':Fuct:lon, v;e sec 'ir the-partd of a tri- 
angle are given, as iii any one qx the three cases/ the' triangle 
is completely determined. For any case, a correspondence 'can be 
established so that two triangles which have thej given parts are 
coi-igruent. ' . . ■ it " ■ 

We state "three properties: ' ^ <j - - «* 

Two trianp:le^ are congruent if tvjo sides and the included 
anKle of one trian'Kle are conp;ruent respectively to two sides and 
the included anp;le of the dther trian^e . This will be referred 
tcii as Property S. A. S. (Side, Angle,. Side) 

Tv/Q trianKles are congruent if two angles and the included 
side of one triangle are congruent respectively to l^wo angles and 
the included side of the other triangle . This v/ill be referred to 
as. Pi'opert/ A. S. A. (Angle, Side, Angle) 
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, Two triangles are congruent If the three sifdes of. one triangle : 
'' are conp^ruent respectively to the . three sides of the other, triangle. 
This v/ill be referred to as PiVppe^ty .S.\S. S. (Side, Side," Side) 

Let us. look at the convene of the VS. S. relationship • If 'two 
triangles *e congruent theri iH^three sld^s of one t?langl.e are ^ 
congruent resji^tively- to' the'lE o:^ the , other ^r'langle.; . " ' 

The\:corivdrsf;of Property S. S.S?^^^KS^ue statement. You can test 
this by lool«.nfe' again at -consVrj^t^t^:^^ falsl^ty^ 
• of the converse of Property S. A; si^^^i^ 
A.j*S. A# in the . :saJne riianner. 

Notice -th^j^.the congruence sets 

^s. pf*'two congrueftt. 



betv/een pairs 
let congruent ,s 



j ,\call; a, ' b,, and^;^ 
the sides of a tri 
r,.- b and 
. and r : correspondiis' 
c . arid . t cori?e.spbrlc 




rrespondto eachj 
sides of on^ 
ngruent ' to- 
are congruel? 



j^^1/6-on\.. corresp6ndenc^_^'« 
..bScaus^e. yqu Jcdri ^.^ , 
- -s uF(pp se' . .y 6 • ^ . 

;des -a -and-'V 
^tnSy.-Gsall ,' a 



b and fe.'?<^oirej^eg^^ . 
il-des. >or .'th£s;^';on / 
it is true that \M ^^L^ are . cohgrue^^^ 



p'ondlnp: sides. > afe . C'cjh ^jlif ej:^ .'; ' 




^veriV'^^ilat'^: on. the - ■ ./■ 
const-rii^^ldSi .;t^ arC's ' in ter^ef 'il^,a^^ 



'point':y:iJ'^Vs^f^ d*rav;.;.t^fe^*^^ ..v"^ 



GJ^' an'd ^"^f^^^^x^^ the]jexcfc?e formed 
two tt;^?^]f s^^feJ ,Br>. 

■-^.st^^^^^;^;^ ^ 





e'nf MfP on/ifiV-,. JP.. is a .side. 
eaLchr^i^^ngle,, so i's?^cailed: a 
J'6ommonv:Me. • By ^|3^i^s E^jrbper^|^,^S. S.^^ '"^^^i^^ 
'*G.EJ = tridngl^ ftH^^ s5^.ce^^^ ^^^^^'^^^^^'^^^ congr.iii*^^n,^- 

to" three ^stfdes of'. 'the Q.lii.i^e^^tria.ngi'^^^ " G.J)^ 

. in. triaragie -^^orrespdnds to an-gle JP^^.^^^^^i^B^ 

triangle ipHJ. By-'applying the^-p.^^p^rt'jr 
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are ■■c6ngi?uent\ then, each pair pf c9x»responding- angles is cpngru^pt. 



; and each g^r of • cGrrespx?ndi^ is congruent, you ki^dw tliat: \" 

• . JPG is^congruent to 'm JPH, If a protractor is laid along; - Pig 
wi",th the Vertex marly at/^ P ■ ^^.and% -,Q^ , mark^.^ PH/v then ■ the ■ISO^'-' v^ 
mark wil^v be on' the/rair .PG, Th'i of the ■ 'V; 

measures o^' th^'^angl^s .at , P '•is , ^3.80 and, sihce :^these measures 
. ■■■are••^equal<1eac^ b'e' 90. H*erice, / angles - JPG . and JPH are- 'v 

..right ang^jes^v: ' '\ ' 

■'..'■^ : ^ ■ .Exercises ■• '^-4 ■ • , \.. 

1. In the figiSft^e-the constructibn of th> bisector of / ABC is 
. shown,, ift'v/p segments,; and; CD are drav/p. " • ' * 




(a) l^/hat mparts ^^l' triangle .vABD . $.te 



. ing "P^rts dr. ®J3 - by . qop/str Miction? 



(b) Find . Sno^^her'^-par'l 



:r^Byigie AB]>/.t'HSt must be '^con- 
gruer^t tio^^i^'ar-t ^t BCD. ' Wfciyf ar:«^t^^/>'|^^^^ 

(c) Is triangffe ABD ^congruent tc^ tn^^gle';^ ^ ' ^ 



2. 



(d) . Is; , /. Jifes-j..c^!'r\gruent t|^,Z iJbc? *-^|^:;3;'^^V.o :V' ''P^^ 

In the, figurfB shcsim hIr^. th^onstruction of . pJ#'■:m^k&s^''^"^'y 
^ HJK = /; EFG. SfegmenBr E^^and HK are drBTOVt ' « . 



(a) .What part ^o^^ triangle, " EFG are qongruent to correspond- 
, : ing parts of triangle HJK by consj:ruction? 

(b) Is triangle EFG congruent to triangle HJK? 



Why: 



Why? 



(c) .Is l_ J congruent to / F? 
.Mr. Thompson v/ishes to measure 
the" distance between two posts, 
•on" edges of his property. A 
grove of trees between the tv/o 
postS; (X ;and Y) makes it impos- 
sible to measure .the distance 
XY directly. He locates 
point Z "such that^he can lay 
out a line from X to Z and 
continue it as far as needed. 
Point Z is also. in a position 
such that Mr. Thompson can lay 
out a line YZ' and continue it 
as far as needed. . Mr. Thompson 
• iwnows that l_ .1 = / 2 since th^y 
are vertical angles. He extends 
YZ so that QZ = YZ and XZ" so 
that,3cz = ZR. 

(a) How is point R located?' 
Is XZ = ZR? 

(b) . Are triangles XYZ and 

QZR congruent?. Why? ■ 

(c) How can Mr. Thompson determine, the length of XY? 
Line and line J,^ are parallel lines cut by a transversal. 





•K. 86. • 

(a) What do you toow* about angles 1 and 2? 

(b) Are angles 2 and S^ongriientV . Why? 



(c) Show that /l^/^3. .lA'''"^* 




In the parallelo^jg^/ ABCD, the diagonals AC, and BD inter! 
sect at E. 




(a) " Is angle 1 (in AaBE) congruent to ^gle 2? /. 

(b) V/hat kind of angles are /^^2 and ^ 3? Are they congruent.? 

(c) How does the size of> 1 compare .v/ith the size of ^ 3? 

(d) Show that ,Z 6 = ^ 7 - and that ^ 5 = > / ^. 

(e) When two triangles have three pairs of congruent angles, . 
are the -triangles alv/ays congruent?- If not, what else 

is .needed? / ■ ' ' . 

(f) ^ Is any side of A ABE congruent to the corresponding side 
. of A CDE? : > ' ' 

(g) Show that the diagonals of a parallelogram bisect each ' , 
o-ther, 9 

The construction of^^j^e perpen- ,; 
dicular bisJctor. ofi'.segme^jb CD 
. i'S shown-^j^ Usually t^'^saj|g. .radius' 
is use(^^ for the fourjmrcs.; '^ow- . 
ever, it" is -'only necessary "for tke ^ * 
two arcs that inters^t on one ^Qe. 
of the segmerft to have the equal 
radii. Thus, the arcs dral^m from , v' 
C'" and; D that intersect at " E- ' 
have equal r^'dii, and the two .arcs 




dr^wn from. C\ and- D that intersect at. ;F have i^^i^l radii, 
■' By. applying some of the properties about congruent tri^^ 
; show why .'EF ■ bisects CD and "is .perpendicular to ;.-^CD;t:^..I^ 
. First think .about the large triarigles, CFE and DFE, then' about 
. another, pair of -.triangles, that seerti to be congruent, . , ' 

; - ' : t '■ . ' V ' 

^-^5* Right - TriartRij^s "r^ ' ■ / • - ■ . \^ 

■If a trianglejj^^ angXe. having a measure^ in degrees". 



90, it is called a ri pht t'l^larigle . If a. triangle contains an obtuse 
angle, (an ^gike with measure greater than 90)j|g|^is palled an 
obtuse ; triain-gqe , If a triangle contains only aSro angles (with 
measures less than 90), it :J.s called an acute triangle . 

The rl^t^.tri angle, is of special interest. The ajncient 
Egyptians are said to have used a particuj.ar right triangle to make 
corners "squa're^.^' Thi^ has /sides * 3, and 5 units 

long. When such a triaiigle is ma.de of rope stretched -tautw,* the 
angle between the two' shorter isides is a r,ight. angle, " ■ ^ 

While the Egyptians ar-e thought to have made' use of 
this fact, it was left to the Greeks to prove the* re- 
lationship involved. The Greek philosopher and 'math- 
ematician, Pythagoras, who lived about 500 B.C. became 




interested , in the problem. Pythagoras is ci?edited ^ I Unit 

with the proof of the basic property that will be^^ 
studied in this section; this property is still knov/n.by his name,' 
the Pythagorean rProp^^^^ty. ^ . -^^^ - a 

It is thought. that Pythagoras looked at a mosaic. like the 'one 
pictured" In Figure ^-5a.. . He noticed thjat ' there are many: triangles . 
of different sizes that can be' f oUnd in the mosaic. But. •'he; noticed • 
mor^ than this,- If each . side of any triangle* is, used as; >orie side 
of a square, the sum of 1:h.e areas of the two smaller squares, is; the;: 
' 'samQ as the area of the larger square. In Figure ^-5b, two tri-^-. . 

an-gles of different size ^re inked in and the squar^ drawn on . the 
. sides" of the triangles shaded. Count i^he number of the' smallest, 
triangles, in , e*ach square, ■ For each "triangle that is inked in, how ' 
does the. number of small triangles in the .two smaller squares com-' 
pare with the ™mber in the larger square? ""'If ,you draw a mosaic ^ 



like .this^ ybu will find that this" is true not only for the .two 
triangles- given here, but for a triangle, of , any size- in this mosaic 




Figure ^-5^ ' Figure ^-51?. ' 

Pythagoras probably noticed the same relation in the 3-r^-5 
triangle that the "Egyptians had used. for. so long to make. a right 
angle. The small siqu^re are each 1 square unit in size, In^ the 




three ^'Squares" there- are 9/16 and 25 small i3qirare3. Notice that 

9 + 16 = 23, . Pytfeagoras v/as able 'to prove that in any right tri- 

anjgle, the area of the ■squa're on the hypotenuse ( longest side) is 

equal to the 'sum of the areas of the squares on the other two 

sides . This , is the Pythagorean Theorem, or as it will be called,.'- 

the Pythagorean Property. .■ ■ ' , - ^ 

So far .this has been shown only f or ,two very special right 

triangles. ~ "It is true for all right triangles.- in. mathematical 

^ • 2 2 2 

•language the Pythagorean Property is c = a + b. 'Where c ^stands 

for the measure of the . hypotisnuse and a^ and b stanc3 for the 

measures of the other two sides. The meJ^ires of any two sides.; 



.caii" be substituted irt the number sentence above^; and from this the ' 
third value 9an be found. ' A familiar triangle can b^ used to show 

•this., ife the two short sides .are 3 units and .A units',, what is the 
sqiiar-e of the hypotenuse^?- > ; . ^ 

* } , c^ =■ a^^+ • ■ \' •; • ; • ^ 

.2- ^^2 ' ,,2 : • . . , ■ ■ ■ 



c 



■ ,'. ^ = ^' - ■ / ... .. ■■■■■■ / :,v ■■■ 

.... 0 =.5. , V ; •■ / ;■ 

Of course, . 5 X 5 is 25I so c :± 5; 5 is the positive squaife root'" 
of 25. If a number is the product of two equal fact.9rs, then each 
factor is a square root of>,the number. The symbol fCr the ^positiye 
squaire root is . T^ri^ numeral is placed under the sign,, for ''•^^ 

.example, ■ ■= 5... ■ • „ ' . ' \ ' . ''V' 

Whatsis /9 ? lTTS ? V36 ? V30 ? The fir.st three are ea^yi. 
to unxLer stand since 3x3 = 9', x ^ '= and 6 x 6 =^ 36 but tl^ere, 
is no integer that ckn be multiplied by itself to give the product 
30. In fact", therej^is no i?at'ional number whose- .square is 301" 
.There are decimal forms of ' rational numbers that give product's 
cl6sl'' to. 30 when, squared."^ You oan even find a number whose -square 
is as close 'to 30 as you wishi For usg now there^is a t^ble at the 
end of the chapter that gives the decimal value (to the. neares-t 
thousandth) that is closest to the square' root of integers from'. 

1; to "100. You can also' use the' table to find the square root of 

* • ■ .... , 

all counting numbers up to 10,000 that have rational sq;uare roots. . 

■ .- , ^ ' ' -\ ' ' > ■ • ',. 

Exercises ^-5 ' > . 

• ■' ■ .... ■ ' f ' 

• . When approximate values are used in these prob^pms., use the ^ - 
symbol, ^, in the work and answer. ' ^ o 

•-1. Use the table at the end of ,the chapter to. find the approximative 
value of: . ' • , , ^% 

(a)' >/5 V: , ;^ (b) >ii ^ (c)'/ V13' . y- 

2. Use the Pythagorean Property to fincf tl|e length o* the hypot-^ 
enuse for' each of these triatlgles. . ' \ ' ' 

(a) Length of side a is 1", length of ' b , is 2*' 
' (b) Length of - a is length of b is: ^t^r ' — • . 





2 




a + b 


: ■ . 132 




169 ■.- .25 








. . •■ ■ 12- 





(c) Length of' a is. .ler^gtrf .of ; b,. is 3" ■■; . » 

(d) . Length of a is 5' yd. and •the length ..of b is 6 yd; 

■ The' hyifctehuse' of a rlfeht "triangle is, 13 ft; aind? orle side; i•fe .• 
5 ft.'.lFind the length* of 'the. third siae.\ \: ' ^ : 

2... ■ • ■ ,: 



The^ third side ds 12 : feet long. Find the third side OT -these 
• right triangles. The /measurements are in feet. . ' ^ 
.Ma) c = 15, b = 9/ ' . ' ' . /, . . 

(b) c ='26, a =^2^ ■ . \ c: ■ . ' 

■ (c) c = 39, 15 ■'. . / ^ ' 
'A' telephone pole" .is steadied by ' ' 
guy wires as shown. Each wire is. 
to be 'fastened'15 ft. -above the 
ground and n^chored 8 'ft . from 
the base of the , pole. ^ ; ■/ 

' . «. . ■ ' • 

(a-) Hov/"muoh wire is needed to stretch one wire' from the 

ground to the point on the pq/e at which, the' wire , is ' 
■ " < ^^--^ j> 

fastened? ■ „ ■ ■ ' 

■ : , , ^ . . ■ • ; . -.'v . . . . 

.: (b) -Jf .5 ft ."^ of ' wfc't'e are. required to fasten each wire tp the 
■■pble and the .^r'found atfichor, how much 'wire is needed for 
. v'each pole?* . \ 

V-A roof on a houae is. built .^*s 
v-shown« . How Ibri^ should each 
' 'rafteri^be 'if iL extw.ds I8' ; ' 





in che stover th^. wall of the^. 

^A. hoSfel. builds ah''a<idition .■dcrpss^Vithe street f r6m- the . 

>. original build3,nli. A passageway, is^ built between the: two . 

\;pWts'at the".tfiiT»d flo level. The beams that support this 



p.asb^ge are ^S^ft. above .the ' 

: street.; A cfane aperator is ■ 
. . lifting these' "beams' into 

.'^ilace .with a crane arm that 
. ■; is 50 ft..' long. How' far ' 

■ down thfe «: street froiofi' a p.oint' ' 
. . directiy under the jDeam should . 

the crane cab be!^ . . . • 

?• A garden, gate is '^1 ft. wide and • 
How ^ long should the 
.9 to»- D. 

bfe? ' " \y . / . 

Two streets meet at the .angle^ 
•^hown. 
wid^'.' 

. are p'aintiiedv.so' that the v;alk 

■ runs in.Vthe -^am^' (;^^:rec.tlpri 

■ the street. -'-If ■ ife ls ' tt. 

....from' one end of -the^ cross, v/alk - i ' ' . 

.pol,n.t that is' on ■ the"' perpendicular from the other' end 
f'^cy^t of the' ;walk>; how- long is the -crosswalk? ' ' .■■ ■ 

' 'If yoi> imow that one side^ triangle i s R 

unit's,^ what' is. its height? Give the answer In'pelatlbn to ,R, 



8. 



high. 

brace that extends from 



\ The ^^treets are^:^2 ft\- 
Linep.'^^or a cross v/alk 




^^-■6". . V One Proof of the .Pythafeoreah Property .. 

■ There are. many- pr.o6£s ;,of this .property, 
.hot the . one used ^y .:Pjfthagoras.. ;* 

Draw two squares'- the same size. * Separate the first , square 
'into t^o squares and. two rectariglea as shown here: . . ' • 



The' one uspd here is 



92 



Let'" the Hieasure of each side of the larger Square, in Figure ^-6a b 
a and the measure of each side 'of the small square be b. Notice 
the areas of the small squares -and'. rcctanc::les. . - 

' One square, has an area of measure a^. ' ** 

The other square has an area of measure b»^, " 

Each rectangle has an area of measure ab. 
Sii^ce^ the area of Figure^ 4-6a is equal to the sum of • thji^eas of 
all of its parts, the measure of the area -of Figure ^-6a i's 

. a^ 4- 2 (ab) .4- b^ • 
Now turn to the second square. Use the same riumbers, a and' b, 
that Were used in the first square. ^ 



P b 




• . . • ■ • Figure ^-6b . . 

: Mark the lengths of f ■ as shown here\nd draw the segments" PQ, ^ QR, 
RS.. and SP. The large square is' separated into triangles and a 
quadrilateral, that ' appears to be'a square 

The measure of each triangular area is: | at).. -There are four 'con- 
gruent triangles. The' sun^ of -fehe measurefe of the areas of all 
four ti?iNpngles is ^(|- ab) , or 2at). , 

■ ^ If you look back to Figure- -^-6a, ^you will see that ,2 ab 
i^ the measure^ of the area of the " two rectangles.' Cut the two 
rectangles from the first square. Cut along t'he 'diagonal of each 
rectangle. See if tl^e four triangles you cdt are cjongruent . with 
those in the second square. , ' 

(From Figure ^-6a) ' ^ ' ^ ■ 



^square = ^(2'^^) + ^p^^^s Figure ^-6b)^ 



• = 2ab 4- A 



PQRS 



S7 



Therefore + 2ab + =-2ab + Ap^p^ '^y'^ 
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'^PQRS 



•'2:2 

■ ^ " ^PQP^S (addition' property of 

equality. ) " 

This shows that PQRS has an area whose measure is a^ + b^^ units 
2 • * 

but a i^ the measure of the area of one small square in 'the first. 

figure and. b^ is the measure of the area of the other- square. 

•From this the area'of the figure in. the center of the second square-- 

is equal to the ' sum of the areas of the tv/o small squares. ♦ 

■ Place the square whose area measured is a^ along.; the . side of \ 
length a of one triangle In i>he second square. Place the square 
whQse area measure i s , \y along the side of length b' ' of 'the' same 
triangle.-- The., areas of the squares on the two si;^es pf th;e tri- 
angle are equal. to the area of the figure in the center of' Figure 
^-6b.' 'All' you need to do. now is^.prove -thai: this figure is a squarel 

V/hat are the properties of 'a square? 

1. The four sides are congruent. \ ■ _ , ^ 

■ ' ' ■ * 2. Each angle-'is. 90° in 'measurement.- * ' . 
If you can prove that these tvro conditions for the. quadri;j.^teral in 
Figure ^ -cb^ the Pythap;orean Property has be^n, proved, y ^ 

■ As has been stated, th.e fo^u- triangles are 'congr'uent ,' since for 
each pair two corresponding sides and the angle- between: these sides- 
are congruent. As a result, PQ = QR RS. SQ because they are 
•measures of corresponding segments of congruent triaijigles^. 

So far it has been shown that the squares In/Figure: ^l-6a are 
congruent to the squares- on the short sides, of any one of the tri- 
angles In Figure "^i-.6b. It has aj.sd been shov/n that -the -sum of. the- 
areas of these ^quares is ecjual to'thie area^ of PQRS, and that PQRS 
has four con£,ruent sides. Let us prove that Jhe angles are : right 
anrlei. . • ^ 




(1) /. In A PST, m(/ 1) .+ m(/ 2j =,90 Why? 

(2) m(/.l) =.in(/ 4) T^y? 
(.3) Therefore m(/ 4) + 2) .= 90 Why? 

(4) and m(Z 2) + m (/ 3) + m(Z 4) ^ i8o Why? 

(5) m(/ 3) + 90 = 180 - ^ Why? 

(6) . and m(/ 3.) = 90 Why? 



You can go yhrough the same type -of reasoning to show th^t 
Angles. 5, .6 and jl are also rfght angles.' 

PQRS has beSen proved to be a square and its area has also 
been proved eqiVal to the sum of the ar?eas of ttie squaires on the 
other tvfo sides. 

.4-7. ' Solids ' \ . • . ■ 

You have been draviing figures which are contained within' a 
plane. It is not so ^easy to draw pictures of soiids ^on paper or -on 
the chalkboard. This is because you must draw the figure on a sur- 
face irr such a way that it will appear to 'have depth. This requires 
the use of pro.lecti-on v/hich you l;^ve possibly studied in art. /' 
. (a) Prisms . ^ ' . • i 

/ (1)* Rectanp;ular Prisms . 'One way to draw a box is as j 

follows :| . • ... . . ' ■ / ■ 



a.' Drav; a rectangle -svft^ as AEGD in' the figure^ 



/ 



beloiv. ^- 



•■ : < 

: ■ 99 ■ 



b. Now vliraw a. second rectangle. RSTV' in a position i 
similar to the one ^JiTv^^ie f4.gure. 

c. Draw AR, BS, DV and 





1 
1 

> 1 


TK 


1 

>- 








^- 


D 



When you look at a solid you cannot- see all of the edges or faces 
-unless the solid is transparent. For this reason the edges, whldh' 
are not visible, are. represented by dotted. line segments. This 
also helps to give the proper projection to the drawing. The dotted 
line segments do not have to.be dravm. 

r . After you have sketched a rectangular prism, you should be able 

to . sketch crther prisms by studying the sketches given. 
(2) Triangular Prism • 



( 3 ) Hexap:0nal Prism 



I 




Pyramids ^ ' - , .'V 

a. In this drawing let the b^se represent, a square vd-th 
i a.'yertex at the 'bottom of, the ;drav;ing,^ ' 

b. First, draw only twq-- sides pf'^he g.quare, such as 
"^^and. v BS",^ *as^ shown In the" figure belov^.. ^ 

c . Nov; select a polP^t ■ R, %irfectly ^.above polrt t- ■ 
and draw .PA, *PB. ■ and./ 'W. " ' - - ■ - 

d. AD, CD and-.' PU - may. naw be drawn'^^s dott'ed iin0 ' 
segments' inte5c>s^cting 'ofi , ;: PB, with ;.^AD . parallel.'^ • . 

• to BC" and '*CD : parallel to ^.S"^ ' i" . 



*e.. -How jTiany faces does' this pyrajTiid have? ■ 
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. (5) Cyllndeps 

;■ A cylinder has two congruent ' bases' whiph* are '■ 
_ cirpula^lr regions. , -In drawing cylinders on the, surface of 
t ' your; p^per you , are again confronted: With the ^problem of 
' gettini the correct perspective j If you construct two*" ' 

• , circle^, with your, compass and then d^raw line segments • .4: 
- • eorinectlng the end points, qf parallel- diameters- :of the ' 

two^cL'f^cles, the" figure. you have drawn '^;ill, not have the - 
. _ . . appearance of a right cylinder] In 'order tp have the 

, prope^. perspeptiv^ yqu must 'draw! : the bases;' as -ovals, as, . ■ 
. , .. ^hown, in the ■.figure below. ' ■ .■ . ' " 

' *' . a'.- Draw a reptjmgle ..aiwh^ as _ .ABCD , in' the, figure b'&low.. 
• 1'°^ yseJ^"AB\ and _ DC^ as diameters of the! circular- '' 

pase'S't'o be shovm.' ' «/ 



D 















: J 











(6). , Cone 



A cone, may be .sketched shov;n, 



Intersecting ' P'lanes ^ / 

There are tim^ wh^n it* isluseful to represent* on 
.a' surface, the^ intersection of tv/o or more planes.. ,An 

example is the. intersection of <a wall^and the -floor of ' 
^'^our room. - . , • . ■ • 

•a. Draw a parallelogram ' ABCD. . 

b. Select appoint R on ^ AD, and .draw .RV parallel. 

to AB . ^ " '> ^ . ^ " • .. \ 

c. Draw a pe^^/fJendicular .^"W ; to BC * and a perpendicular 
RS .to V AD so -Jshat VT and RS 'have' eq■ual^ measure. 

"* Now '^draw fs", ' , 







T 


















V • 






> 

T 
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Line Intersecting; a. PI arte 

; ■ '.This type of drawing is also useful "at^tilne^. 
is illustrated below. ■ . ^ . , . " . 

a, . Draw a parallelogram such -as ABCD. • '.^ 

b, ,. Select a pgint R . on, the surface of' 'ABCl5V 



-It.. 



c. Now draw a line through R so that it appears to- 
pass through the surface of ABCD/ This will ^require 
some pralptlce, ' , 

•|. ' . Yqu will. have* a better picture If the line through R 

. *. is .notvjjarailel to a- sidQ of the parallelogram. . .1 

■# ^ ' 

Practice making sketches of each of the solids. 



; , TABLE 
SQUAmSS AND SQUARE/ ROOTS OP NUI4BBRS 



No, • 



Squares. 



Square 
roots 



No, 



Squares 



Square 



' ' 1 

■ 3 

. \ k ■ 

.'■'5 . ■■ 


. ' 1 

h ' 

: 25; 


1.000 

1*732 
2.000 
. -'2*236 


36 

37 ' 

38 

■39 . 
4o 


\ 1,296 . ■ 

1,444 , 
1,521 . 
I,6p0 


6.croo 
6.083 

*6:i64 
•6.245 
6.325 


6 . 

7 

- 8' 

; 9 

10. 


36 ' 

. ■," 6? - 
■ 81 

iba 


2. ^^9' 
'2^6^16 
2.8g8 
3.000 
; 3.1^2 


.41. 
42 
43 • 
44 

■ ,•45 . 


■.-•1,681 - " 
1,764 
1,849 
1,93^-- ■ 
2,025 


\ ■ ^ 

6-.403 ' 
- -6.481 . 

6.557 
• 6.633 ■ 
. 6.708 


• 11 

12 

13 0 

^ 14, 

13- • 


■ • ■ ■ 121 - 
•l44 

J. ' ' 

169 

19$., 
225 


1 - 3.317 

3.606 ' 
■ a. 7 42 . 
3.873: 


46 '" 
47 
■ 48 
,49^ , 

' 50 . 


• 2,11^ , 

2,209 
. 2,304 ; 
• 2,4oi 
.2,500 


. . 6.782 
' -6.856 V 
6.928 
7.000- 
• 7.071 


16^ . 
17 

18 . • 

19 . 
20 


■ '■ 256 , 

■ 324 
361 
4oo 


' ■ • 4.000 

. 't.123 
4.243 

4.359 
4.472 


51 • 

' 52 
. 53., 
. • 5^ 

.55 , . 


2,601 
2,704 < 

. .2,809 •; 

2,916 ' . 
■3,025 ■ 


7.141 
7.211 
7.280 
' ' 7.348 
7.416 


21 - . 
■2-2, ', 

23 ' ■ 
-2^ 

25- 


■.44i' 

• - 484 
-529 
'576 
. 1 ■ ■■ 625 


'4.583- 

'4 fion ■ 

4.796 
4.899 
.^5.000 ^ 


'56.^/ 

- 57 

- ^.s .-; 

■ 59 . ' 
60 


3,136 • 
3,24~9 
3,364 ' 
3,481 
. 3^600 . . ■ 


\ 7.-483 
.. ' 7.550.. 
- 7.616 
•■ 7.681 

• 7.746 


26 ■ 
27 

. 30 " 


676'. 
- 729. • 

784 • - 
• ' > •8.41 ■ 
\^ 900 • . 


5.099 
5.196 . 
• 5.292 
. 5.385 

: ' 5.'f7.7 


61 

■ 62 
63 

^4 


3,721 •• . 
3,844 

3,969 
. 4,096 

4,225. ,. 


7.810 
7.874. 
. 7.937 
8.000 
8.062 - 


;.3l' 

32 . 
,•33 • . 

. 34 :> 

•■'.35 


- 1,089 

- l,i(56^ 
1,225 ■• , 


,' 5.^568 ., 
" • 5.657 ' 

5.745''~ 

5,831 

5,9r6 - 


' 66 
67. 

,68 ■ 

69 
70 


. •|l,356 
■ 4, 489 
4 624 ■■ 
.f,76l ,, 
4,900 


8.124 

8.185 
^ 8.246 
8.307 
' 8.367 
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No.' 


Squares 


Square , 
'roots 


■•■71 
(2 

73 


5,0i'l . , 


' 8,426 
8. '^83. « 

■ G.^r';'^ ■ 

8. .602 
, 8. -660 


So- ■ . 


, . ^,776 . 

6 63^' 
6,2^1 
■ 6;'!D0 


8.71S 
■.■ ..3.7?:;- 

■ 8.332 
8.388. 

■ 8.944 


'■■81 

Qn 

o2 
83 

^85 


6,724 
•6,889 
7,056 

7,225 
- — • ■ 


9.000 
9.055 ■ 
9.110 • 

.9.165 . 

■ 9.220 


86 

.07 
88 
89 • 

. 90: 


7,396^ ■ 
' 7,569 
7,744 V 

■ , 7,921 
8,100 . 


9.274 
. .9.327 
9.381 . 
■9.^34 
9.48? :■ . 


91 
00 
9d 

93 
94 • ■ 

.95 


8,281 

■ ■ 8,649 
- 8,836 
9,^025 


1'.. ~ 

9.,539 ■ ' 

9.592 

9.644 

9.695 
- 9.747 ■ 


.96 . 

97 

98 
■ 99 
100 , 


V 9,216 
9,^0q 

' 9,604- 
9,801. 

10,000 


■ ■ 9.798 
9.849 

9.899 
9.950 
10.000 ■ 
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, . i ^ Chapter 5 A ' 
SIMILAR ^TRIANGLES AND VARIATION 



Indirect Measurement . • ■ ^ ^ • 

You iriay have read- that the sun. 93,000,000 miles away from 
the earth, or that the distance from 'the earth 'to the nearest star ^ 
(other* than the .^un), i^ light-years, or that the diameter ._of ^ T 
• the earth is about '8,000 miles, ■ These distances"' are measured 
indirectly . . . . ^ ' • , • ' ■ - . ' ^ 

Indirect measurements are also used, in problems which ape 
closer to home. To measure the height of a building, 'you may sight 
the top of the building with a sextant and measure the angle. of 
elevation, from the groond. Then, you measure the 'distance from v/here 
you sighted the top to . the . bottom of the building. In the follow- • 
tng diagram it 1^ indicated that, the measurement of the. angle of ■ 
elevation is 6o° and that the measure x of the distance from 
.A to C, in feet, is 100. Fr^m this information the measure . y» 
of the height of the building in feet can be calculated. The x 
and y are 'used to represent number 
^ ^> ■ " ■ ■ • " Y ^ 

.... ■ ' ■ 



not lengtl^s. 




. Notice that in the above Qiagram a .^ravkng- has Wen made t,o 
scale. Th^ triangle \above is not of ' the same ;si,ze ■ as the real ■ - 
.triangle, but ^t dots^Wve the'- same, shape/ It .is.teaid that 'thisi 
one . and the actual, triangle: are siffliiar.' Measure 'Ihe length of ; 
CB in the figure abive. .; Calculate the' height ' y. -in feet,-' given 
that 1, inch , represents '50' feet. . ^ ; * ' ■ ■ ^ ■ ■ 

: I" the;dia,grara be*ov/ f;pur ;triangles hav^^ 'i 
having one right ahgle and or^ .-^ 6o°^ . ^ngl6 . They ai'e A.ABc/'^ ' 
, AADE, AAre,', ,AAHI. \pa\ do you notice about their shapes? '' 
For- each one fihd. thg measure x ■ of the^ horizontal distance and' 
y of the vertical, distance,. '^nd Galc^late, the ratio ■•-.f V 




: in .the table the x's and y^s are numbers v/hich are measures ' of .the 
lengths of the various seefhents such as AC" and CB. The notation 

.CB v;il-l .also be used for-, the measure' of the length of CB, . AC . . 
for the measure of the length of AC", and so on,, ^ 
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Exercises 5-la 
!• Complete the following table by measuring: 



Right 
tri- 
angle 


• . ■ ft • „ 


ABC 


■ = CB' = 


= AC = 


x^ AC 


^1 AC 

- AB.- 


■^1 CB 

AB - 


ADE 


Y2 = ED = _ 


^2 = AE = 


I2. ED 

X2 AE - 


^2 AE 
~ AD - 


^2 ED 


AFG 




X3 = AG = 


ll M 
x^-. AG 


^3 AG ■ 
.. AF 


^3 . ■ GF 
^,3 AF ■■ 


AHI . 


= IH'= 


X4 = AI = 


-IH 
AI 


■ AI ' 
Ti,.- AH - 


." "^ ^ ■ i h ' ■ 

r-ij, - AH.;- 



As you found In completing the table ab.ove, for triangles' with 

are the same for 
y and 



one- flglat angle and one 6o° angle, the ratios 



all X and y . Similarly . ^ . and 



— are thje same for all 



r and all x and r. The four triangles have the same shape, .\ 
They are similar triangles.. • J 

itjm>pears that In similar triangles, the corresponding s'ides> 
are pr^ortlonal. The. ratio ^ ' 'Is a certain fixed number. If - you 




know v/Jiat this number. Is, then you can solye all problems of the 
following kind: . . 

■ Let ABC^ be a triangle in which 
/ABC Is. a 90° angle and /BAG Is . 
a 60^ . angle. . Given the' length of the 
segment . AB, find the distance from . 
.B to C, -or the length^of BC". 

In general. In the right trir 
angle ABC, with the right angle at ■ 
B, the r4tio of the measures 

y = BC and . x = AC, .depends only on 
the measure of the angle BAC. Tables 
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have been made, showing the value of such ratios as ^ for 

■ X 

different angles.- You will learn how to use such tg.bles to solve 
problems of Indirect measurement. 



1. 



Exercises 5^1b * . ' 

Draw a right triangle ABG. ' Let D be the midpoint of side 

AB and . E the midpoint, of side AC./ Which erf the following 

pairs of . ratios ar^ jsqiial? • Give 'reasons for your answers. 
' - 'M AD . . y AB AC / V AD AB /.y AD AB 
^""^ AD' AE DE' BC AC' AE-. 



fa) 



"2. 



3*. 



AE AD' AE DE' 

Would your answers In Problem. 1 be different if you had started 
with a different triangle ABC? Why or why not? ' ' : 

Draw a right triangle^ ABC/ and^let DE be a line, segment 
parallel to BC, wheije D is- on AB and- E is on AC." 
Then answer the questions in. Problem 1* 

The angle of elevation of the. top of a tree is 30° if the' 
ine^arement is tikenSt a point 50 feet from the base of 



he^] 



. the^rcc.^ Plow tall the tree? Draw a .tri^nele. to scale 
and use. jneasurements to find^this answer as was done in find- 
ing tfie, height of a building in the'flrst part of this section. : 
V T '. an'^ .,S . arS points at which' tree's dre ;L'ocated on one side 
of a'riyer and -R is a point dipectlyv^y ' - 

across ; the river from S, : so that HS 
^^^_^^^^perpendicular to ST. With a< 
sextant the mea'^ure . in degrees of , - 
/ STR is found to be 6o.- r The 
dlst^ce ^ ST ^ has been, measured 
. a^C*^aoo feet. Dravra^^^ 
* scale, using 3 in. to represent 
10^0 feet. Find the distance 
from tree R to tree S. ■ 




.5~2-. Similar Triangles ' ' 

Tv;o triangles can be thought of as being similar if they are 
'of 'the- same "shape." A more car^eful definition is: 

Definition: Two, triangles are said to be similar ^if there 
^is a one-to-one cVj;;respondence between the vertiges so that corres- 
'ponding angles ar^ congruent and ratios^ of th^ measures of corres- 
ponding sides are .equal. , _ / 
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Another Way "of saying this is: Suppose two triangles , are J|f 

Jabeled ABC and, A'B'C Then ; they are similar if. 

1..^ milk) = m(Z A'),. m(/.B) m(/ b;X, m.(/ C) = m</ C ' ) . 

' , ■ o * AB ' _, AC _ ' BC 

A'B' " A'C B'C • . ■ . 

Actually, if correspending angles a^e congruent, ij^tios of the 
measures of corresponding sides are* equal, ■ Also , if ratios .of 
measures of corresponding sides Ure equal, correspondj^ng ^n-gles are 
. congruent. Hence . if ' I- " holds, then 2" must hold; if *^2- holds, * 
then 1 must hold, . 

If two pairs-of corresponding angles of two triangles are con- 
■ grue^nt, the third angles are also congruent, Thus^there are two.'. .> 
alternate definitions of similarity which seem to require less than 
the definition given p.bove: ■ , (v 

Alternate Definmion 1: If ABC .and A'B.'C are two tri^ 
angles with the property that the angle at. A. 'is' congruent to the" 
angle at ■ A^ , and the angle' at B is congruent to the angle , at 
«B'^ then, the triangles are similar,. 

Alternate Definition 2:' If. ABC and . A'B'C ar% two tri- 
angles v/ith the property that , <• ■ - ^ 



- AB • AC _ BC 
A'B' ~ A»'C' " B'C 



then the. triangles are similar, ' \ / ' . 

( ^ Exercises ^-2 , 

1, In each of > the follov/ing, ABC. and . A'B'C are two similar 
triangles, in v;hich A and A', B and' B', C and, C are' 

/ pairs of corresponding vertices, . Fill iri. the blanks where it 
. is possible, . V/here it is not possible, explain why, ; 
■ ^ (a) m(/ A) = 30, m(/ B) = 7% m(/ A') =^ ?' , m(/ B'J = V. , 

• .(b.) AB =*3,,. AC A'B'^ = 6, A'C = ? ., 

(c) = I , AIB' = 5, B'C = ? , A'C = ?. , .. ^ . 

• (d) II = I , A'C' = 3, A'BV ='?\, B'C =' ? ,' V 

• (e) m(/ A) = 30, m(/B). = 73, m(/ A' ) = ? , m(Z C ) = ? . 

2, Find v/hich of the following are true statements, . Give reasons 
for your ansv;er3, ^ 
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(a) r If ohe acute angle of ohe right, triangle ,is .concruent to" :■; 
. an . acute anglp ,of another right triangle, . then" the tri-^ ,■ • 

angles are simil.a*r. ■ ■* » 

(b) If two side? of one tritmgle are congj-uent to two sides 

.of. another triahgld; then the tri&riL-lcb'^arQ' sirullar. 
(rA rr A3 AC ' , AB " BC ■ L 

[L) XI ^^^^ ^ and ^ then t-.^iar:glQG • ^ABC . 

A»B»C» are, similar. 
• \ AB A C " ' 

v^v T^W ^ A»C» triangles ABC and A»B»C'.. -are- 

H similar. * . " . • ' ■ ' ' \ 

fc.\ TP AB " AC , A»B» 'b'>C> 

^ ^- aTc^ .^^^ "Ib" " "^"bC^ triangles -ABC^ and 

A»B»C » similar. 

(a) If^the corresponding angles of tv/o quadrilater^^ls arc. con- 
gruent, muL,st the ratios of the measures of corresponding 
sides be equal? 

(o) If the ratios of the measures- of the corresponding* sides 

of two quadrilaterals, are. cq'j.alj, will covrcGpondlng angles" 
be congruent? ■ 



"i-'-^'^- " '^^i'-o i'^'oi-iometric Ratios ' . ^ ' 

• One, ^of' the main, problems in the branch- of matheinatics called. 
trip:onometrv (Greek: "tri" means "three" > "gon" means * "angle" , 
"trigon"' means "triangle", and "metrdn" means "to measure" thus 
"trigonometry" means "tjie measurement of triangles.") is to.find 
the" ufilcf^bv/n rncasures'. of Gor;ie parto of a tr.'.a.'-,^:le vriieii the i;ioasu3.'es 

. or -the ot:.ev' p^rts are knovm. , ■ " ' 

■ One v/ay that you miglit approach tiio 'problem \;culd be as 
follov/::: You c;oald d.^au a Jav^e riu-i.'C.' of t ';.a:.:^;le:^ and r^easiire 

ithe siaeti. Then you could tabulate ' your^'results. Of course, 'you ' 
would want to tabulate^ your, results 'systematically so' that it v;ould 
be easy 'to locate information in th'e table. You might have . dn'fhe 
first page a table showing' the situation when* /" QPR Is/of : 
measure 1. ■ . " ^ ■- ' . \ 

^ 4 l^o v/ork out the table, you would . draw- an angle of measure 1. 
Mark off lengthi^ 1,* 2, 3,, .^l units, -and. so forth, on one . side -of . ■.. 
the angle, draV;' perpendiculars, and measure the ''lengths of corres- 
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.ponding segments' QH. In. the I'igure " below, PQ is on '.ray -PA .and 
PR is on ray 'The figure is. labeled i'or PQ= 3.-! ,■ 







F 

' r 


^ — 


'■'V- ' 








LQ ^ 





You might measure QR • f^r all the cases from^^ 1 to PQ = 100, 

or; whatever limit. yo.u may choose. ^y'^^^'^^ ' ^ ' ■ 

Then on Page 2 you could make a similar table showing v/haf . 

happe.ns wh^n angle QPR is . S° ' in .measurement. On the next page 

you would have a table, for the caaie where . / QPR is 3 in " 

measurement. If you continue in ^ this v;ay, with ' / QFR- increasing 

^1 in measurement at a time, how. many pages will you need in the- ' 

book? :,ir -there are- 100 -entries on each page, how many entries will 

■J ' ■ ■ ■ ■ • ■ • * 

■.there be in all? If it takes you I'minute per entry to make the 

construction^, and measure the lengths, how many hours would you need 

to make the table? Fortunately these measurement's have been made 

fo.r us, and are re*corded in a table. V 

■ The ratio, . ' ' • 

PQ measure of the lenp:th of ad.jacent side , 
^ ^ PR measure' of the' length of hypotenuse ^ 

is called the cosine of /QPR, It is, sCbbreviated like this: 

■ ■ • [ \ cos / QPR.' , \ * " . 

. Other useful ratios formed from the" lengths of ' the sid^s of 
the triangle- PQR are the sine (abbreviated sin) and the tangent ' 
(abbreviated tan). ■ -■ 

2in"/ QPR = 25:'^ measure of the lenp^th of opposite side" 
^ PR measure of ^ the length of hypotenuse 



and 



tan / QPR = 



^ _ measure of the lenp-:th of opposite side 
PQ ~ measure of the length of adjacent side 
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Apart of- a table of trigonometric ratios would look like- 



.this. 



m(/ ftPR • 

20. • 

60 

■•■ .70. 



sin £ QPR 
0.87 [\ 



cos /_ QPR 

079^^ 

0.77. 
. ..0.50 

'0.3^- 



tan /_ QPR 

• 0.36 . 
0.^8V ' 

o.'sa 

- 2..?5. ■ 



You can use Ihe table to solve problems 1 ike ■ the following: 
■.^ Sample Problem : In the Alght trialngle AOB, ' 




Ttoe.measure of / AOB is 4o, and the length of OA is 
^ - inchf^. Find AB° "and OB. . y 

■ Solution:.^ First let, us find AB.- The. side AB is opposite 
the given, angle AOB, ./while the known side OA is the adjacent 
■side. The only ratio involving the opposite side and the adjacent 
side is the.' tangent. 

tan 2 AOB = tan 4o°' =. i| .= ^ ^. 
If the measure in, degrees of , / AOB is ''^0, you can use the nota^ 
tion . ,. . • ' 

tan / AOB = tan v5o°, since it "isv said that / AOB ^.s a' 4o° 
. angle. V Look up tan' %)° ,in the table and„find • 

.* .' . ■ -tan 4o° ^ 0.84. ■ . 

~ means "approximately, equal to". You will'obtain., th"en.'' the 
relation ' - . \ - . ' ' • 

This ^ delation can be solved for the . unknown AB. 

The measurement of AB is 3.^ Inches, .approximately, V - 
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By similar reasoning, VOB can be found by the following steps: 

■ - cos ilo° .- , ■■ . ' ■ K ■ ■■ 

^ • • ^ OB . OB ' 

• ■ C05 ^0°. ^^ Ow77, / . 



0.77 ("OB) or 0.77 (OB) ^ 



OB ^ 



5.2 



^ 0.77 

Thre> length of OB Is approximately 5.2 Inches. Check ^your answe^^s. 
^by use of the Pythagorean property. 

. (0A)2 + (AB)2 = (OB)^;. 



,(0A)^ + (AB)^,^ + O.^y^vi: 27.6 
• (0B)2 %»{5.2)^ 27.0; ' 



Is 27i6 ^ 27.0 ? ^ . ^ 

Yo.ur rei^ults will npt check exactly ^because approximations to 
th^ values of cos ^0° and tan ^0^ were used. ^ . 

^ It so happens that for certain, angles such as .30^, ■ ^5°,^ and 
6o^, trigonometric ratios can be found by reasoning Instead of 
measurement. , . . • \ . • > ; 

Colnsider an* equilateral triangle OBC whose sides are -2' 
urilts^long. The angl'es.of this' ■ ' . 




> X 



equilateral triangle are 6o^ /In measurement, join the vertex B* 
:o the midpoint A of . the^ segmei^t OC*. * Since th6 corresponding 
sides of the triangles oAb and CAB are equal .in lengthy "these 
triangles are congruent . Therefore the corresponding angles / ABO 
and / ABC , are equal In measurement. Since / OBC is 6o° in", 
measurement, then /ABO and /.ABC are 30°. in measurement. - In 



the same way, you can see that angle's- £ OAB and ' _ CAB are equal 
in measurement, and. so. must be right angles. IVhy?' 

Therefore triangle^-'^A^ is a right triangle. 

?■ ■ •, • 

COS. 60° = cos'./ AOB.= " 

In order to' find the value. of sin . .60°- and . tan 6o°, find AB, 
which shall^ be called, y.:^ By, the Pythagorean^ property, 



Thus 



, ' ■ . y = . V3 1.7321. 

(Check tlgl^ approxlrnatlon, for by calculating (1.7321')^.') 



sin 60" =.^-= 0.8660 



and 



tan 60° 

ExcrC'GCo "i-G 



Y^-^^ 1,7321. 



1. ■ thc'val^ieG of sii^i ,30°^ ; cos' 30°,- a;-.^; . tai- . 30°. 



> 

/ 










r 


: 0 


1 / 



rii 'i vi.c; ^^,i.■;onomot^ic ratios for An angle of ' measurement 
You may cc^lculat.e the ratios 'by u'sing V2 1.^1^^2. 
In Problem 2;, you .will find'sin- ^15° ^ 



You could then 



determine a decimal expression for — .by dividing ■ 1 by 

. . - 72. . . 

l.^l'^2.. If the computation • seems' tedious you might think 

J. . ■ ■ ''^ 

about another numeral for.. . •\. 

.. i >/2 " ^2 1 /=■ 

s >/2 72 2 '2 



' He 



If Is .easier to. di-vide lJii;^i2 liy 2 th^n to divide 1 by 
1-.^1^2. Find sin M5°' 

k 

Sin 60^ 



and 



taE_Jo° 



and cos ^5^, by computins ^>/2< 



In 
.6. 

,7. 



Find the' ratios: 

' "sin 30^. tan 30"" 

State in your ov;n words v;hy you think these ratios' are' not 2.. 

A re£;ular hexagon is inscribed . in' a circle^ of radius. 10 inches 

(a) V/hat is the measure of ^ PCQ? 

(b) V/hat is the measure of GPQ? * 
In (c) and (U) use an approximation 
for. >/3 and express your ansv/ers 
as . decimals, correct to C.Gl.- 

(c) ' Find Cr^, ^ 
. (d)^ . Find PQ . . . 
problems 6^- 9 use the table in the earliier part of this section;' 




In the table, .compare the values of sin 20^ 
there any reason for v/hat y.ou notice? . 
Examine the. sine column in the tabl^^ 



.and 



cos 



70' 



Is 



As /_ AOB 



measurement from 20° ■ to- 70°, - does :sin *AOB 



a. 



increases in 
indir^ease* or ■ 

decreased. >/hat about cos /. AOB.? '-What- about tan\/^AOB? Look 
. at the table- to ansv/er the question about tan _-AOB. ' " 
■ Using the table,' find . ' / ' ' ■ " 

."■ . : • ■ . ' {sin 20°)^'-f- (cos 20°) ^. ' ■ ' " • ' ' - , 
. V/hat ansv/er should you get? . Why? Check by finding - ■■ 



and 



(sin 30°)^ 



(cos 30°)^ 
0x2 



, (sin eo"^)^ -f- (cos 6o?r. 



9.' Use .the .values in; the table and calculate 



20 



^ . ■ o cos 20" 

Compare ybur result v/lth tan -20 . V/hat do you notice; 

Is the ■ reason? 



V/hat 



5^^!.. Slope of a' Line . ^ . . / ■ 

On a sheet of graph paper drav:/ th.e line- joining 'the origin to 
thQ point.. P .whose coordinate's 'arc * (2',^) . 
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Where^does thTS' line intersect the 'vertical lines through ( 3,0 )', 
(^1,0), and (2,0)? For ea(;h of these intersection points (x,yj ' 
find ^ . What do you notice? " ■■ ' 



of 



Take arji point Q '.other than 0 on tp. Let. the coordinates 

Q be (x^y). Drop the perpendicular from Q to the X-axis, . 
and let . B be the foot of • this perpendicular. 

■ Y 




^7 



Vfliat do you conclude about ' the .ratios 

■ OB 



Since § 



is ^ , ' or_ 



;2, and 



(other than 0) ' on lir>e OP is.-2. 



OB 



then 



'.for any point 



If |. = 2, then y = 2x. ; - - ../^ : 

Plot the points (^,-2);(-2,-4);'and rsrS) pn'your 



OP? For each of these points 
For any point , on OP, . y = 2x. .• 



graph. Do they I'ie.on the line 
calculate the ratio ^ 
• On another sheet of • graph paper ;draw" the line which passes 
through the origin (0,0) and the point ?• wl^h coordinates 
(2,3).; Do the points ,(it,6), (6,9), and (l,|) lie on OP'? For 



each of these points-, v/hat is the ratio ? - V/hat property of 



similar triangles tc?a's us that 

'> X " (provided that x y^. O) 



This could be v/ritten ' 



y = fx 



In general, if P is a point ' for which the ratio is . m, 
then the following statement is true: 



If Q, with coordinates (x,y), is any point on ^ OP then 
y =,mx. . \ . 

Thus, the equation of any' line through tl^e origin (except the 
y-axisl)' has the form. 



. • y = mx, 

s a certain number; 



The number m. is called the slope of the line. The slope of 

the line, y = ^ is The^ slope is a measure of the steepness 

of t^he line. Look again at any. line y = rax, m .0. ^ , 
Consider any 
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point Q(x,y) on\ the line. Drop the perpendicular from . Q to the 
X-axis and let B be the foot of this perpendicular. Since., y = mx, .' 



= m = slope of; line. 



tan / BOQ = "^^^^^^ opposite side _ ;^ , 
^ ^ measure of adjacent side x * 



Also in the right triangle OBQ, 
. tan 

We conclude, then, that 

' ' slope = m = ^ = tan ^ BOQ. ■ : \ 

We can think of the slope geometrically aSi the tangent of thie 
ahgle BOQ which the line makjes with the X-axis. 



3 lis 
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1. 

3. 



. . Exercises g*-^! • 

Find tne eciuatlons of the lines joining the origin 'to' each of 
the. foljLowing' points^^ (i|,l)',, (3,1),' (1,1), (lla), (l,5).' 
■Consider the line OP' , discussed^ in the text,,' where" P' is 

where . /' AOP' 



(2, 3).. What is the tan /AOP', 
the line makes with the x-axis? 

-ix. 



r^s' the apgle" 



•(a) 

(b) 



Draw the graph ^ of 
R 



on the 
0 



.Nark^e point 
X-a^s to the right of 
such t'hat OR = 1. \ Construct 
. the. perpendicular to the 
X-axis at R. Let K be 
the point of intersection of 
this perpendicular and the ^ 
graph in (a) . ' . -^^ ' 



'lit 

A) 
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What, is RK In. terms 'of 
Write, the coordinates of 



OR?, 
K. 



Write a' numeral for RK. 



(e) 
(D 



Draw .. OS ^ 2 ^ and then draw LS. 'perpendicular to the 

X-axis, whe}jfe L is a point on the "graph in (a).- 

What is the measure of SL? 

What is the ratio S| ? ^^le ratio 

UR ■■ . , OS ' . ■ • 

' Let P ,;be a point with coordinates (avb), where = m. ' The' 

coordinates... of all points on .t? satrsfy the equation.' " 

, y = mx#. 

If^ Q is any. point "(c-d^ whose'coordinates satisfy this 

eq:^a';lor!, the::, :ir^:c At a true sentence. . Draw the line 
'Jhrou^h ' Q pci'porxlicular to the, X-axis^ and let Qi 



'Coordinates (c,d') be the point where this perpendicular 
intersects the line O?!^ ' , 



wi-th 



, • * ■ ■ ■ ■ ' 

o 
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7. 



8. 



V/hyt^Jmust 'd' = mc be a t^^rue sentence? 

:b) What i§- true of ■ d .and . d' ?> What jis true of Q and Q>? 

i-yj ^at J iaye yoi^ proved in (a), and '(b)? . ■ , 

Gr'aphthe^^ y = |x, y an d y > 4x on the same set of 

axis. Use fourS^ values of, x .for each graph.. Find the slopes ■ 
of these lines. y 

Find the slopes of the. lines Joining the following pairs of 
poi.n4:s :• . :/ ■ ' 

(a) '.(0,0) . and (1,3) . . V (c) f.O,^)- and (|-> 5)/. 

(b) (0,0) and (2,3);. * (d) .(|, 2) and (2,8) . 
Draw, a rectangle with one vertex at , {0.,0) and its, interior 
comple'tely in £lie first quadrant. The measures of the sides of 
the rectangle are to- be 3 and 5. Find the slope of its 
diagonal from (0,0,). (Th^re are two passible'^ answers.) .. 

A road rises 10 feet bveX;.4.,,distance (jf one mile. What" is^ 
the slope of the road? . ' Consider ^l^e^ne, mile to be a horizontal 
distance. 

Choose an appropriate scare on coordinate axes" so that-you-jcan 
compare the graphs of r y = 7x and y = .8x. How does the 
measure df the angle determined by these lines 'compare with the 
measure of the' angle formed by lines of slopes l~"-arm"' 2?. 



5-5« ' Reading Trigonometric Ratios from a Table 

To. read a complete table of trigonometric ratios you use the 
ratio-.headihp;s at the top f*or the an'gl^s Vnose measurement is found 
on the left, and the hea'din^^s at the bottom for the angles whose 



. • :■ ■ ■ ■ ; . : 1.13 , . ; v ^ ' • • ■ ' ■ .■ v 

^measwrpment .is. found, on the rtght. For. example, to find sin ^ 20°' 
. in^.^he.;t7able, first look for-20°.; It -iV/i^' the column bn:the '' -' 
riei't. Look for, the column with ■ "Sine" af the. top. ■'The nuHiber in,' 



•th^.-- 20 rbw 'and tji-e^ Sin-colamn. is ;0/3^20. Sin 20° ^ ^S^l^ol 
. Ifyouwanf.to know coS^' 70°, ; you will find 70° in the column on 
. the rleht. . Therefore you will use the column headings' at' the ' 
: bott:,dm. Look for ' the' number in the 70° -.row. and the CQlumn ; with 
; "Cosin.e." at. the -bottom,, and find cos 70° 0'.3'^20. -This is the 
. same -number as bji^re. ^This is as -it should be', for" angles of 



20"; and 
Why? .. . ■ 



70 



are -complementary/ so that sin .20° = cos 



70^ 



. Just as the ^ine. of the complement of the angle is c^led the 
cosine of the angle, so' the tangent of the complement of an' angle- 



is called the cotangent of the angle 

-.0 



.For Instance, 
-.0 ■ 



You 



■ . ■' .■..^ V TO'^ rr.tan 20' . 

•The symbol "cot"- is'- used as an a^reviation for "co-tangent. " 
notice .that the- "co" in cosine .and t$ie "co" in cotangent -^are 
..suggested by. the "co" in complementary. ■' . 

-The.tablQ readings are given as four.place decimals. Most of 
those readings have been rounded to the nearest 0.0001,. They are 
only approximate values, and hence -we use sin- 20° Ri- 0. 3''20V We say 
"most" because some 'do not. need to be rounded, like cos 6o° = 0.5. 



. TRIGONOMETRIC RATIOS 



Angle 

^ In 
3° 

:6° 



10 

12° 
■13° 

if 

18° 

20° 

21° 
22^ 
23° 
24° 

25° 

26° 
27° 
28° 

K 
30° 



31- 
32° 
33° 

35 



;y;^2° 

• :■• 44° 



Sine 

.0175 
.0'3'I9 
.0523 

. O6o3' 
.0372 

.10 '-3 
.12iq 
.1J92 
.1564 
.. 1736 

■»1908 

.2079. 
..2250 
.2419 
.■2588 

.2756 
.2924 
. 3090 
. 3256 
.■3'420' 

.3584 
.3746 

. 3907 
.4067 
. 4226 

.4384 
.4540 
. 4695 
. 4848 
.. 5000 

..■5150 



■0 



,5446. 
■, '.5592 
' .5736 ■ 

'.5878 
- .6013 . 
■ ■ . 61 57. 

.6293 

.■;.-.642a- 

.'6561. 

.6691 

.6820 

.6947 

.7071 

Cosine 



Tangent 

-.0175 

• .0349 
.0524 ■ 

■: ..0699.. 
.0.375 

.lOSl' 

.1223 
■ .l':05 
..1584. . 

• .1763 

••'■1944 
.2126 
.2309 
.2493 

' .2867' 
.3057 
-.3249 . 
.■3443 • 
.3640 ■' 

.3839 
.4o4o • 
-■■.42'i-5- ■ 
.4452 
. 4663 

.4877 - 

■ ,.5095':. ■ 
.5317' • 
.■5543 . . 
.5774 

', .6009- 
.6249 
.64q4' - 

., -..67% ■ 
- ,7002 

■ .7265 

■■. .7536 . 

.8093 

.,8391.\ 

..8693 
,9004. ■ 

.9325- 

. .9657 ■ 

■1.0000 ; 
Cotangent 




Cotangent 

57.290 
28.636 
19.081 
14.301 
■11. 430 

o.'jiifi: 

3. 14 ^'3 
■ 7.11o4> 
, -6.3138 
5.6713 

■ 5.1446 
.5.7046 
4.3315 

■4.0108 
; 3.7321 

: -3. 487.4 
3.2709 

■ 3.0777 
• 2.9042 

■ ■ '2.7475 

2.6051 
■2. ■4751-. 

2.3559 
2.2460. 
. 2.1445 

■ 2.0503 
1-.9626 

,-. 1.8807- 

•i.SoJfo 

1.7321 



,6643 . 
,6003 ■ 



1.5399 
1.4826 
' i'.423l 

1.3764 

I..3270 

\ 1.2799 
■ 1.2349 

■■l..i9l8., 

'.l.l-50'4 
1.1106 
1.0724 

. '.1.0355 ■ 
1 . 0000 

Tangent 



Cosine 

. 99^P> 

.999^1 
. 9986 
.9976 
.9962 

.99'^^ 
•.99G3 
.9877 
.^.981*8 

.9816 
" .9781 
.9744 
.9703 
.9659' • 

. .9613 
' .9563 

-.9511 ' 
. .9^155.. 

■.9397 

:. .9336 . 

' .9272 ■ 
.9205 
.9135 

, . 9063 

'•■.8988 • 
.8910' 

.■.8829 
.8746 
..8660 

■'.8a,72'. 
' . 8%0 ■ 



■ / . 3290 

.•8l92■ 
".8090 
.7986: 
\: -.7380 

.7771:' 

^7660; 

' '.7547' 
' .7431 
.7314. 

'•i;7'l93 

■ .77071 

■ / Sine 



39° 

^ 83° 

37° 
36° 

o..,. O 



oJ.O 
.J 

31° 
..80° 

79° 
78° 

• 77° 

76° 
75° 



•74° 
73° 
72°-' 
71° 
70 



69° 
.63° 
- 67°^ 
. 66° 

65° 

64° 

63n^ 

62° 

^•6ln 

60° 
59° 

: 53°: 

■f6° 
55-°' 

54° 

■ '49°« 
48°- 
47°. 

46° 
45° 

Angle 



X0 
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. Exercises 5-5 
Use the table to find the following: 



(a) 

(c) 
(d) 
(e) 



sin 10' 



tan 10 
sin ^1^ 
cos 63^ 



fan ^0° 
cos 17° 
tan 6o° 
tan 70°. 
cot 88° 



(f) 

(g) 
(h) 
(i) 

sm 82° , . (J) 

Check the statements below by studying the numbers In the 
Table. Do you agree with the statements?' 
(a) The sine of the angl^ In the Table Is always between 0 
and 1. 

The sine of an angle^ Increases with the size of the angle 



(d) 



from l" to 89^ 



The sine of an angle less than 30° Is less than |- 



Thfe differences b/tween consecutive Table readings 
varies throughout the Table, ' .. 

(e) The difference between the slnefs of two -consecutive 

angles Is greater for smaller consecutive angles than for 
larger consecutive angles. 
State properties for "'the tangent which are similar to those 
given In Problem 2 for the sine. ■ 
Find the following products: . ^ > 

(a) - 100 sin 32° 

(b) 81 tan 48° ^ . ' 
i{i the figure at the right /_ ABC 
has measure 60 and ^ ACB has 
measure 32, In degrees, and 
AB = 100. Find (a) AD and 
(b) . BC. , 




6. Kinds of Variation 

Let us think again of the equation 



y = 2x , and Its graph. 
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.. If perpendiculars are dropped from the points P^Q,iR,S on the 
graph to the X-axls, four similar right triangles are formed. The 
ratio of the y-coordinate to the x-coordinate of each of these 
points is 2, and 2 ia called the slope of. the line. There is a 
relation between thC*^- and x-coordinates of points on this graph 
and this relation is expressed by the equation y = 2x. ' 

In the world around you there are many situations where two 
quantities are related. When you buy peanuts, the amount you pay ; 
depends on how much you buy. If you hang a mass on a spring bal-. 
.ance, the distance that the spring stretches is related to the 
weight of the mass. 

Here there is a picture of a.^cylinder filled with air. Pres- 
sure can be exerted by placing a weight on the platform P which is 
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•connected to a piston in the cyllncjer. The volume occupied by the 
.air depends on the pressure, which, in turn, depends on the weigHt 
placed at P, 

The distance through which, a falling body has traveled .since * 
it was* dropped depends on the time elapsed since it was dropped, • 
The force with which two planets attract each. other, according to 
Newton's, law of gravitation, depends on the distance between them* ' 

In all of these cases when 'one of the quantities changes, then 
the, other one also changes in a certain definite way. / In the rest 
of this chapter you will study some of the simplest properties 
related to these changes, which are sometimes called laws of 
variation. 



1. 



2. 



3. 



Exercises 5-6 

Suppose, peanuts cost $.5o per pound. Make a table showing 
the cost of various amounts of peanuts: ■ - 



Amount in pounds 



7 



8 



10 



Cost in dollars 

Make a feraph showing ^how the cost is related to the weight. 
,Let w be the'weight ijn pounds and . c '. be the cost in dollars, 
What simple geometrical figure is formed by the. points in .the 
graph? ' .• ■ ■ ' 

A I girl measured the distances- through v/hich a spring stretched 
when she hung masses of various weights bn it. Here is a 
t^ble of her observations: 



Weight in .pounds 


0 ■ 


* 1 


2 


■3 






' ■ ■ ' ' Stretch in inches 






4, 




3 




Make a graph showing the relation between the weight^ 


'W in 



pounds and the stretch s in inches. 

*Find a formula for. s -.in; terms of w which fits -her 
observations. . Using your formula, or your, graph, predict* the 
strfe.tch in the'spring if she hangs a mass . of weight 2^ 
pounds. on it. ' ' ' / . 

A boy placed masses of various weight on the platform .P- of 
the piston. He used a pressure gauge to measure the pressure 
p in pounds per square inch of the air in the cylinder. ; He 
also measured the height of the piston each time, \ and cal- 



12s 
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culated the measure v of the volume, in cubic inches, of air 
in the cylinder. Here are his results: ' 



p. 


15 


20' 


25 


. 30 


■ V 


250' 


\187.5 


150 


125 



and V, Predict 



Make, a graph showing the . relation between p 
the measure of the volume if p = ^0. 

Make a table showing the relation between the measure h. 



of the 



length of the altitude and the measure b. of the length oJ^ the 
ba-se in an equilateral- triangle, .Calculate your results correct 
to 1 decimal place. 




b 


2 ■ 


4 


6 


8 


10 


h 













Tbis table can 'be complefeyi by measurement, ^Cpnstrupt eqyiilat- 
eral triangles of base 2 units, K units, .etc, You^ results 

'will be m^re accurate if your triangles are^ not too small. 
Make a graph showing. the relation between, b -and h. What' 
simple geometric figui;^e is formed by the graph? . 
"S- Give a formula expressing h in terms of b in Prablem 4v/ You 

*may wish to use tan 60^ ^= h t- - 
6, Make a table showing the relation between the measure *b of the 
length of the base a.nd the measure A ^of the area of an 
equilateral triangle..^, Use the values of b ^which you used in 

- your table for 'Problem .^, ^ Make a graph showing the relatiop 
between b and- A. Sive a formula for A in terms, of b. 



o 
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5-7. ^ Dlrect:>Varlatlon 



In Problem 1 of the last set of exercises the- relation 
betwefen cost (c) and weight^ (w) would be c = (0.6o)w . 
; "^^ . When you graphed this relation, you obtained a straight line 
tjrirough the- origin: c 




. (00) . ■ .. . 

?t is said that c vat^ies directly as w, or that .the cost ■ 
is proportional to the weight and that '5.60 is the constant of 
proportionality. In tthis^ relation, the ratio of the measure of 
^the cost to the measure of the weight is- always O.60. Because it 
does not change, 'it is called a constant . 

If you drive along a straight road at the speed of 50 . miles 
per hour, how far do^ you go in 1 hour? 2 hours? 3.5 hours? 
t hours? The. measure d of the distance traveled is given in 
terms of the measure t of the time by the formula: 

■ - . . d = 50t. > ' ■ ' 

The measure of the distance is a constant times .the measi^re of the 
time. The ratio ^ of the fheasure.pf the distance to the measure 
of the tim.e is a constant. The distange. varies directly as the 
time. . The distance is proportional - to the time. ';The constant of 
proportionality is- ^50. > , . 

. In the graph of the equation y =-= 2pc, the y-coordinates of the 
■points on the graph are a cgnstant times the x-coordinates. In 
other words, . y va^J^s directly as, x. The .y-coordinate "is ■ 
proportional to/the x-coordinate and the constant of "proportion- ' 
ality is 2, the slope of the line. 

According, to Hooke«s law of .elasticity, the ambupt that a 
spring (see Problem 2 of Section 5':-6^) stretches is proportional 
to the weight of the object hung on it. "Suppose you know that- 
when ^ mass having a weight of 2 'pounds is hung on it the 




,* • : • . ♦ • ' - 

the spring stretches 3 inches, How> much, stretch would be produced 
by an object weighing 5 pounds? 
. - • « Solution ; , Hookers law niay. be ' expressed by means of the 
equation: • • ^ ■ ^ '^^ . . . 

;' s, = k*Wj5 

where k is some constant of proportionality, and s and w are ■ 
the measures of the stretch in inches and '^he weight in pourfds, 
■ respectively. According to the given- information,- when w = 2, 
• s = 3.. Applying the above equation/ you will find 3 = {]<)[2). AH 
you have to do now is to solve this equation for the- unknown con- 
stant k, and' then calculate s from the formula b = kw, when 
. w = 5# Finish the problem. ^ • . , * . 

Exercises 5-7 

1.' Write a sentence in mathematical terms about the .total cost,, 
t cents, , of n gallons oJ^l gasoline at 32 cents<j)er gallon. 
In this statement the cost may also be stated as d dollars. 
Write the sentence a second way, using d dollars. 
'2. Suppose the gasoline you bought cost 33.9 cents a gallon.. 

Write a sentence showing the . cost, c cents, of g gallons of 
this gasoline. / ^ ^ ■ . - 

, 3. If your pace is normally /about 2 feet, how f will you walk 
■ in n steps? ■ Use d feet for the total distance and. write' 
the formula. If n increases, can d. decrease at the. same- 
• time? - 4 ' L ' ' 

• ^. Write a formula- for the number, i of inches in f feet. .-As 

f decreases what happens to i? " 
5* State the value of the constant, k, in each of the equations 
. you wrote for Problems 1 through 4. 

6. Can you write the equation in Problem 3 in. the form — = 2? 

i . n J 

^ What restriction does thii? fofm place on n? 

7. Find k , if y varies directly as x, and y is 6 when 
\ X is - , 2,, " , ■ - 

8. Find k if y varies directly as x, and .y is 3 when x 
- is 12. ' • » 



" . . . ^ •* , • ■ ■ 
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9.- Sometimes it is required to write an equation from a set of 
number pairs. From ^the information In the table, does it 
appear that a varies directly: as b? Why? What equation 
appear^ to relate a and b? 



a' 


- b 


20 


"2 


50 


,5 


"70. 


"7 


100 ■ 


'10 


110 


"11 



10. Suppose that d^ varies directly as t and that when t is 
6, d is 2^0... Write the equation relating^, d and t. 

11. Use the relation y =. to supply the missing values in the 
following ordered J)airs; ("^, ); ("3v ); ("2, ); 

("L; ); (0, > ); {2, ); '(5, ). Plot the points on graph 
•paper. 

12. . In .tl:^e relation of Problem 11, when, the number x is doubled, 
. is the number y doubled*? \When x is halved", what, happens 

to y?- When the number . y \s multiplied by 10 what happens 
• ' to the number x? Are your statements true fDr niegative values 
of X and y? " ' * 

13. In the equation y = kx what happens to the number x if V 
is halved? ' : What happens to y x is tripled? 



5-8. Inverse Variation * * . - 

Suppose you have 10 igallons of punch for a party, and you 
want to. "lie perfe^^^ fairvto your quests and serve each -one exactly 
the sajne 'ah^ust^- does the amount for each guest, vary with the 
number n 'of;^gue§ts? If the number of guests is doubled, how is 
the amount that each one gets changed?. Let p be the number of 
gallbns of punch per' guest. Then the total amount of • punch, • which 
is 10 gallons, is equal to: 

^(the number of gallons per guest) x' (number of guests.) i 
The relation between p and n can be expressed by means of the 
equation • v . 

pn = 10. 

Give formula for p in terms of n.. 
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In.thife case p varies Inversely as n or p is inversely, 
•proportional to n. In, general, it is said that one quantity varies 
'inversely as another if their product is a non-zero constant. If 
the number substituted for n is multiplied by 3, that is, it is. 
^ tripled, what is true of the corresponding values of p which make * 
pn =10 a true statement? 

. '' Boyl.e's law states that, at constant temperature, the volume 
a gas is inversely proportional to the pressure or, in ^mathema- 
tical language, >, ; ■ 

■i P'v = k. 

Find the constgfit in the experiment and check to see whether this 
equation fitsl^e observations. (See Problem 3 of Exercises 5-6) . 

. ^ " Exercises '5-8 - 

1. (a) Th^ table below, ^s it is now filled, in, shows two pos- 

sible ways in which a distance ^of 100 miles can be 
* ^traveled. Complete the table. 

Rate (mi. perhr.) 10 20 25 50 6o 75 80 100 . ' 
Time (hours) ' lb 5 ■ . ■ 

(b) From part (aj, 'Use r for the number of miles per hour 
ariid t*^ for -the number* of hours and write an equation con- 
necting r and t and 100.' ' 

(c) When the rate is doubled what is the effect upon the 
corresponding time value?* ^' " . • 

(4) When 't increases in rt = 100 what happens to r? *' 

2. ■ (a) Suppose you have 2^0 square patio' stones (flagstones). 

You can. arrange them^in rows to form a variety of rectan- 
^ gular floors for a patio. If s represents the number of 
stones in a row arid n represents the number of rows, 
' ' what are the possibilities? Fill in a table like this one. 
• Total Number of Stones: 2^0 
Number of 'stones^ in a row 10 12 15 16 30 ^0 
Number of rows ^ 2^ ' . . * , 

(b) Write an" equation connecting n, s, and 2^0. (if you 
^ cannot cut any of the stones, what can you say about the 
kind of <^umbers n and ^ s must 'be?) % 
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5. 
6. 

7. 
8. 

9. 



10. 



11. 



(a) A seesaw will balance If ' 
wd = WD when an object gil ^ P ^ 
weighing w pounds is 

d .feet, from' th^ fulcrum and on the o'thec- side an object ^ 
weighing W pounds Is feet from the 'fulcrum. If 
WD = 36, find D when ^ is 2, 9, or .18 and find W 
" whenf D i$ 1, 6, 12. A V 

(b) What can ynu say about: corresponding values of W' as D 
is doubled if wd ^remains constant? As numbers substitu- 

' ted for W increase, what can you say about corresponding 
values of D. "provided wd remains constant? 
Write an equation connecting rate vOf - interest r and the num- , 
ber of dollars on deposit p with a fixed interest payment of 
$200 per year. Discuss how coffesponding values of r^ -are 



affected as different numbers 



If the 



-re su^^itiited for .p 
interest rate were doubled how much money, would have to be on 
depi^sit to give $200 interest per year? 

Give' the constant of- pj»oportionallty in each of the Problems 
1 thorough 4. ' >\ 

State your impression of the difference, between ^direct varia- 
tion and inverse variation. , 
Find' k 4^ y varies inversely as 
X . is 2. . \ 

Find k if X varies inversely as 
X is ••_/.•. 
From the information jln the table does it appear that 
varies* inversely as b? Explain your answer. 



and if* y is 6^' when 



y and if y is 10 when 



a 


'k : "1 1 3. 


8 . 


>-9 




b 


"8 "2, 2 ' 6 


16 


38 


82 



^tudy the number pairs whibh fpllpw: ("2, 8); Cl, 2); (0,0); 
UV2); (2,8); (3,18); (.4,32). ' 
(^)- Does it appear that y varies directly as x? 
(b) Does it appear that y varies inversely as x? 
(a) . Supply the missing values, in the table below where xy = 18. 
"4 "3 "2 "1 1234 5' 6 7 8 9 18 ; ... 
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(b) Is It possible, for x or y to be zero- In xy = l8? 

' Wny? ' ' . ^ * . , ' 

(c) Plot on graph paper tne points whose coordinates you 
round in (a) and draw th6 curve. You may wisn to find 
more number pairs to enable you to draw -.tne curve more • -.. 
easily, . / , . 



Notice that in the discussion of direct and Inverse variations, 
the letters X ana y may be used interch^geaol^. In ^ y = kx, 
if k is not zero, ' it is' said that x varies airectly as ^y and* 
y varies directly as x. In' xy ~ k, k cannot be ^zero' and iv is 
saia tnat x varies inversely as y or that y varies inversely 
as X. In tnese statements .x and y' can represent different 
pairs of numbers wnile ■k\ represents a constant, tnat is, a fixed 
nurrroer. In the general . equation %ne letter .."k". is us'ed rather than 
a particular numeral, in order to include all possible cases. , 
For x / .0, -the .equation xy = k may be written y = k • ^ which 
says that y varies directly as the reciprocal of x. 

Occasionally you may see direct variat^ion represented by the 
statement |- = k. There are times when thi^ form i's useful but 
from' your work with zero you know that *^ = k excludes the^^pos.si-' 
billty of X being- zero.-, : , : V ■ x-, • - ^ 

* The graphs of y = kx > and xy = k 'include . points with nesa- ■ 
tiv^ aoordinatesy In many problems it doesn»t make 36nse for x 
or • y "to be-'negative. In the problem of serving punch at your. ^. 
party, 'the number n of guests- must be ^a counting number. Ih such'' 
cases the eqU^tioh-^ is not . a completely correct translation of the 
relation into mathematical. language. The correct "translation. of 
your punchr-at-the-party problem is the' number sentence 

(1) "pn. s= 10 and , n 'is a- courfH^ing- riumber. " 

The correct translation of Boyle »s law is . 
■ (2) "pv = k and p > 0 and .v.> 0.*' - ; .. ^f 

Wh0n you graph the number sentence (l) you obtain a set of ^isolate^^^^^ 
points in the, fi^st quadrant. The'^gi*aph of the relation {^--l^f^the '- 
branch of the hyperbola ^• 

. * . ■ . pv = k 

which lies in the first quadrant. 
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5-9. Other Types of Variation ' ^ 

If you make a table of the measure d of the distance In 
feet through which an object falls from rest In t seconds,' you 
will obtain results like this: - 



\ 



t 


0 


.1 . 


2 


. 3 


•4 . - ■ } 


d 


0 


16 . 


64- 




.256 


— I — 7^ 



Sketch a graph of the relation, between d .and t, SlncJe-the num- 
bers for ..d are -lairge you may wish to use a different unit oh the 
d-a:;ls from that used on the t-axls.. v " 



150 

100 — 
50- 
0 



0 



You obtain a pai^t of a curve called a parabola , ^ 

r If the numbef* t Is doubled, by.howmuch Is the number d. 
multiplied? If t is tripled, by how .' much is* d muJLtiplied? As 
you see, d varies directly as t^. '. The relation can be expressed 



by means of the equa^^lon 



d = kt' 



where k ' is constant. Wh^t; is .thli=>constant? 'How far does the 
body fall in 10 .seconds? ' ' ; 



If 



. * , • Exercises 5-Q ^ ~ *. 

(a) What is the area of each fac^'^of a cube whose sides have 
length 2 Inches? . How^^jiy faces are th'ere? /'l^ is the 
total surface ai^ea, the Tdt^ of a^ll faces? . . . ^ 

(b) -^Is^^ actable showing trife relation '^beJtween the lengtlis o^ 



.s 


1 .. • 




3 




"5 . 


6 


A 















'Let S be -the measure of the area in s.quare centimeters -of a 
square with edges , e centimeters long* » 
(a). .Find an equaition connecting S and e . : " ' 

/(b)': - Tell how. S varies ; with, e, ' 

,(c') . Plot thQ graph of . the equation you found in^ Ca), Use 
values of e from. 0 to 15 /and choose'a- convenient 
scale for the values of S, - . ' ^ 

■ (,d) From the g4;»aph^ you drew in- (b) , -find: \ ^ V:^ .. 

(1) The area of a squaf'4 with edges ^ 3 cm, lor^:**'. -'-.^ 

(2) . The length of the 'e^liB/of a square of area ^-^^l *r .v^ 

square cent^ijTieteps/ /:^'/v',.:* - , . . 

(3) The area of'.a squarQ with edges 5.5^cm, ^ long, ■ Z 
./r- ^(4) The lengtjh- of the edges of a squar^.^of area -^0 sq, .cm*.' 

.(^ From the equation you" found in (a), find: 

(\)r^ TH4 ar^^ of a square- with, edges 3 cm. long, 
(2)/ ■Thfe/area of a square with edges;^5.5 cm, long. 

If E is>jp]?.pportiona'l to the square of ^r' , and E is 64 when 

V is 4, find:. ' • V. ' . 

(a; an equation connecting E ;and ^ v, 

(t>) %he-.:'^alue of E when vj=*6,. . . " ' 

(c) theV^.alue of v when /E = l6, * ' 

Suppos^^'gpps seed costs JQ cents per pouncj, and one pound 
will /sow Jafiv^ea of . 2.80 sq. ft. - / ^. ' • ' 

(a) How many'-ipounds of sfeed will be needed to so.w^*^ -square ; 
plot 10 ■ feet on a' side? . ■ .\ . 

(b) . How much wil-l it cost to buy seed 't<S':-spw a, square plot 

10 feet on a side?' * . • ■ :. ' ' ' ' 

(c) If G ^pe^jfe^^^^ of the seed to spw a square*^ plot 
s feet on'^^a side/''flnd an equation connecting C .and 

\(d) How much will it .cost f qi^> s"&fed to sow a square plot 65.:;. * 

' • feet on a side? ' . tf ■ % 

(e) If $1.5.00 is ' available for" seed, can- though be bought w 

,s6w, a 'square plot 75 feet on a side? - 
■■■-.> ■ . . ■ 

A ball Is dropped from the top of a tower. The distance, d 

feet, which it has f^Jrien varle^^ as *the square of the time, t 



seconds, that has pa s^^^i^- since it was dropped. 



i (a)/- Profn' t^: .information above, what equation can you writ6' : ' 

■ ■ ■ /■■conn^.ctl'ng'Vd and ' 't ? ■ ' ■ ; • 
r ; , •:.(>) ' -Find' hbi?';W;^ ball .falls in the first 3 secohda. ' 
. (^)-... If. y ball falls ■ ihh feet\in the 

..:.• •,,• .?• ■ ; fit-st ^-3 . ..^^cpna^^ write .ar).eflifa.t ion connecting ■ d and t. 
, ; •,.:(»i)'. >lJ;sing^te^ m (c), firid' how far the. ball . 

'. f ills' 'iA '.the:' first -.'Weconds ... : ■ ■ . . ■ ' c 
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6-1. Tetrahedffeng '\ / ' * 

A geometric figure of a certain type Is called a tetrahedron. 
A tetrahedron has-:;f^^ which are points In spafce. The 

drawings below repr^^ '(Another form of the word 

"tetrahedrons" l'S."-%jB.trahedra. " ("^Tetra" is the Greed word for 
four.) ■ Vi ■.'■yrr':: ■ ' . ■ . . , 





. . The points A, C, and D .are the vertices of the tetra- 

. hedron on the left. The points P, Qf,<E^ and- S are' the vertices 

of the one on the right. The four vertices of a tetrahedron. ?are 

nof'ln the same plane. The word "tetrahedron" refers either to the 

•surface of the figure, or' to the "solid" figure:: I.e. the figure 

/Including •the Interlipiivin' space. From some pdlnts of - View the dls- 
■ '• ^, • . . ."-^ . 

tlnctlon Is hot Important, ' from others It Is.if. One can'" name a 

tetrahedron by naming Its vertices. Parentheses shall-, usually be 
put around the letters^ like (ABCD) or (PQRS) In naming tetra- r/ 
hedrons. The vertices rfiay be nanie,(;^ in any or'der. Later this nota- 
tion shall be* used to me^ih^ speclf^^ "soll^ tetrahedron", the 
union of the sitrtface and .its' Interiprv ; 

Th^ sejgments "SS\;,^, AC, AD, BD, and .GD are called ed^es 
of the tetraliedrbn (ABCD). Sometimes the notktlon (AB) or (BA) 
will be used to mean the edge AB. Wha-t are thife" edges of the 
tetr^edron (PQRS.)? . 

Any three vertices of a tetrahedron .are the" '.vertices 6*i^^ a tri- 
angle and lie in a plane. A triangle has an interior in the plane 
in which its vertices lie (and in which.it lies). Xiet us use (ABC) 



ERIC 



to mean the triangle A ABC together with\its_ Interior. In other 
words, (ABC), is the union of ABC and its interior. The sets 
(ABC), (ABD), (ACD), and (BCD) are called the faces of the 
tetrahedron (ABCD). What are the faces of the tetrahedron 
. (PQRS)? ' ... 

You will be asked to make some models of tetrahedrons in the 
exercises. The easiest th^e of tetrahedron of which to make a ' 
model, is the so-called regular tetrahedron, its edges are'all 
the same length. "(Length or measurement is intrpauc^'d •here'' o^ 
for_ convenience in making som'e uniform models. deals 
fundamentally with non-metric or "no-measurement"'ri^^ebmetry, ) Op a- 
piece of cardboard or stiff paper construct an eqailateral. triangle 
of Side. 6". You can do this with a ruler and compass or with a 
ruler and protractor. ' • ' 






Now mark the three, points that are halfway between the pairs 
^ of vertices. Cut out the large triangular region. Carefully make ^ 
' three folds^^^?.; creases along the segment's .Joining the "halfway" 
points. X^'maj^^use a ruler or other straightedge to help:%ou make 
these f^^a* ■■ ^^^ybqr ■ original tri^angular region now looks life^four 
small^^tri^jguj^r regions. Bring the original three vertices 
, together afeove the center of the middle triangle. Fasten the loose 
edges together with tape or paper and/paste. ' This is 4asier if you 
add flaps' as in the third figure. You 'now have a model of a reg- 
ular tetrahedron. 

How dp you make a model of a tetrahedron which " isv-not a reg- 
ular one? Cut any triangular ■ region out of cardboard or heavy 
paper. Use this as the base of your model.. L^lei its vertices 
A, B, and C. Cu^;. out , another triangle wit'fi- one of its edges the 
same length as AB. Now, With tape, fasten these ti^o triangles 
together alp^ig edges of equal lei^gth. Use edge (AB) . for this, 
■ for instance. Two of the vertices of the second triangle are ."now 



;cohs^ideried labeled A and Bt-* Label the other vertex of the 
.isecond'.triangle, .D* ' -'Cut^ third triangular regipn with one " 

edjge theylWgth of- another the length.- o;r AC. . Do not make 
the jungle betwe6n.:these edges too large or tpo small. Now, with 
tape, fasten these edges of the third triangle. to AD and , AC' so 
that the three triangles fit together, in space.. The model you have 
constructed so far will look something: like a "pyramid-shaped drink- 
ing cup if you'hold the vertex A at the bottom, as in the drawing 
below. Finally, cut out a triangular region which will just fit 
the top, fasten it to the top and you will have a tetrahedron. 




1. Make two cardboard or heavy paper models'' of a regular tetra- 
hedron. Make your models so that their edges are each 3'^ 
long. . 

2. Make a model of a tetrahedron which is not regular. 

3. In making the third face of a non-regular tetrahedron, what 
difficulties would you encounter if you made the angle DAC 
too large or too small? 



6-2. Simplexes 

A single point is probably the simplest object or set of 
points you can think of. A set consisting of two points is probably 
the next most, simple set of points in space. But any two different 
points in space are on exactly one line, and are the endpoints of 
exactly one segment (which is a subset of the line). A segment has 
length but does not have width or thickness, so, it does not have 
area. A segment , or a line i's one-dimensional. ' Either could be 
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considered as the simplest one-dlmenslonal object In space.' In 
this. chapter we will think about the segment, not the line. • 

A set- consisting of. three points Is the next most simple set 
of points In space. If the three points are all on the same line, 
one^ls not much better off than If ther:e were Just two points. Let 
us -^gree, therefore, that our three points are not to be on the 
•same line. ,Ti?us there is exactly one plane containing the three 
points antf there is exactly pne triangle with the three points as 
vertices. There is al-«o exactly one triangular region which' 
together with the triangle whiclr bounds it, has the three points as 
vertices. :This mathematical object, the triangle, together with 
its Interior ,^ is what we will think about. itJls two-dimensional. 
It can be considered as the simplest two-dimenslenal object in 
space. • . .. _ 

'A 




It seems rather clear that the next most simple set of points 

in space would be a set of four points. If the four points were 

all in one plane then the -figure determined by the four points 

would apparently also be in one plane. It is important to 'require 

that four points are not all in any one plane. This requirement 

also guarantees that no three .can be on a line. If any three were 

on a line, then there would be a plane containing that line and the 

fourth point and the 'four points, would be in the same plane, "pour 

points in space, not all in the same plane, . suggest a tetrahedron. 

The four points in space are the vertices^ of- exactly one solid 

tetrahedron. A solid tetrahedron is threp^dimensional. It can'be 

considered as the simplest three-dimenslynal object in space. 

Each of the four objects described above may. be 1jh ought of as 

the simplest of its kind. There are rerfiarkable similarities among 

these objects. They all ought to have names that sound alike and 

remind us of their' basic propertiea. , Each of these is called a 

-J. -i/J 
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simplex , ^ You. can tell them apart by labeling each with its natural 
dimension. Thus a s0t consisting of a single point is called a 
O- simplepc . A segment is called a 1- simplex .. A- triangle together, 
with its interior is called a 2-> simplex , A solid tetrahedron (which 
includes its interior) is called a 3- simplex , 

Let us make up a table to help us keep these ideas In order, 

A set consisting of: ■ determines : which is called a : 



one point one point (itself ) " 0-simplex 



■ two points ^ 


a segment 


1-simplex 


three points 


a triangle together 


2-simplex 


not all on 


with .it's interior 




any one line 






four joints 
not all on , 
any one plane 


a. solid tetrahedron 


3-simplex 



There is another way to think about -thjs dimension of these 
sets. In this we think of the -notion of betweenness, of a point 
being between two other points. 

Let us start with two points. Consider these two points and . 
all points between them. The set' formed in this way is a segment. 
Now take the segment together with all points which are between any • 
two points of the segment-. We get Just the same segment. No new ' 
points were obtained by "taking points between" again. The process 
of "taking points between" was used Just once. We get a. one- 
dimensional set, a 1-simplex, ^ 

. Next consider three points not all on the same line. Then let 
us apply pur process. We take these points together with all 
points which are between any. two of them. At. this stage we have a 
triangle but, not its interior, V.c# apply the process again by tak- 
ing the set we already have (the triangle) together with all points- 
which -are between any two points of this set. We get the union of, ' 
the triangle and. its interiori If we apply the process again we 
don't get anything new. We need' to use the process Just twice. We 
get a" two-dimensional set, a 2-simplex. ' . . 
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becomes- 
(after 

first 
process ) 



B 




becomes 
(after 
second 



process ) 




pla>?e. 

the 



Next let us consider four points not all on the same , 
We apply the process of "taking points between" and we geV 
union of the edges of a tetrahedron. We apply the process^aln 
and get the unlbn of the faces. We apply, it once more apd^et the 
aolld tetrahedron Itself. We apply It again -and stliv^t Just the 
solid tetrahedron. Wended to use the process' Just t\ree times. 
We get a three dimensional set, a 3 -simplex..'- 

if we had Just one point, the application of the pr^t _ 
would still leave us with Just the one point. We need apply\,e 
process zero times. We :g^;t? a zero-dimen^stonal set, a 0-slmplex) 
(We-f mention thi's case las.t;becaus.^; we the 
process ,bef.<^' it can m^ke' 1^^^^ ' y 

^I^t>U^ consider ■v^:3^slmpiej^.; .Lpp^c at^o^jfe'^if. :your 'models of 
has'four /ficces and^^each :i;ace;^^ a 2-slmplex. 
.Xtrfesix edges and each-'edge is a 1-slmplex. It has four ver- 
tices and each vertex is an 0-simplex. 



1. 

2.. 
3. 



Exercises 6-2 

(a; A 2-simplex has how many 1-simplexes as edges? ' 

(b) It has hbw many 0-simplexes as vertices? 

A 1-simplex has how many 0-simplexes as vertices?^ 

Using models show how two 3-simplexes can have an intersection 

which- is exactly one vertex of each. „, 

■Using models show how two 3-simplexes can have an intersection 
which is exactly one edge af each. . ' ' ■ 



6-3.' Models of Cubes ' - . 

• An ordinary box could.be m^de from- six rectangular faces. 
They have to fit arid you have to put them together correctly.' 
There is a rather easy way to make a 'model of a cube. 



Draw six squares on heavy paper or cardboard as in the drawing 
above. . Cut around the boundary of your figure and..,f old (or , crease) 
along the, dotted lines. Use .cellulose tape, or padl:.e to fasten it 
together. If you are going to use paste it will be useful t.o have 
flaps as indicated in the drawing below. ,^ ■( 
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^ Can the surface of a cube be regarded as the union of , 
2-si)mpiexes (that is> of triangles together with their interiors)? 
Ca^n a solid cube be riegarded. as the 'union of 3-simplexes ( that is 
of solid tet'rahedrohs)? The answer to both of these questions is 
"yes". ' 

' Each face of a cube cam be considered to be the union of two 
2-simplexes._ The drawing on the left below shows a cube with two 
of its faces subdivided into two 2-simplexes each. The. face ADEH 
appears as the union of (ADE).. and (AEH) for example. The other 
face which is indicated as subdivided is CDEP,. It appears as the 
union of (CDF-) and (DPE).' The other faces have not been sub- 
divided, but you can think of ea^h of them as the unlon of two 
2-simplexes.' Thus the surface of the cube can be thought or as the 
union of ' twelve 2-simplexes. . > ^ ' ' 



. With the surface regarded as the union of , g-.'siroplexes you may 
regard; the solid cube as the union 6f •3-3impiex:^3 ( solid tetra- 
hedrons-X as follows. Let P be any point in the interior of the 
•|at|^. ;. :For any 2- simplex on . the surface, (CDF), for example , ( PCDF ) ' 
^ figure. on the. right above, P, is indicated^ 
aV.'tn^;t'fi,e :^^^^ oube. The l-simplexes ("ptf)f;V.(PD) ,. and (PF)\ also 
inside the; cube. Thus with -twelve 2.-simpiexes on the surface, we 
•would have twelve 3-simplexes whose union would be the cube. The 
•solid cube is the union of S^simplexes in this "nice'.' way. 

Exercises 6-3 

.1. Make two models of cubes out of cardboard, or heavy paper. Make' 
them with each edge 2" long. 

On one of your models, without adding' l^y othej, vert Iq^^^^^ 
segments to express the' surface of. tj;i^..^]3e ai'^^^ 
2-simplexeg. Labels, all the vertic:^:v'bn 1:lie 'modfel . A.vB. ''^^^fe. 
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On the same cube as in Problem 2, mark 3:;iK:^in t ' in the . 4|h!^i^:^^ 
each face. (Each ^should be on one of the^ se^ents you ^^MfMf'^^ 
Problem 2.) ' Using as vertices the corners of . th^-^'ciibe sinffg^ff'. ' 
these, six new points you have marked, draw segments to indicate '' 
the surface of the cube as the union -of 2-simplexes. Ther sur^ ' 
face is expressed as the union of how many 2-simplexep in this 
new way? . - 



3. 



4, Thinks about a geometric figure formed by patting a square-based 
pyramid on each face of a cube." This is one example of a poly-, 
hedron. The surface of this polyhedron has how. many triangular 
r.faces? Can you set up a one-to-one correspondence between this 
. polyhedron, vertex for vertex, edge for edge, and' 2-simplex for 
2-simplex, and the ^surface of the cube subdivided into 
2-simplexes as in Problem 3? 



6-4,, Polyhedrons / . 

A polyhedron is defined as the .union of a finite number of 
simplexes. It couM i^e Just^ one simplex, or maybe the union of 
seven simplexes, or maybe of 7,000,000 simplexes. What "is being 
said- la .that' *it is -the union of some particular number of simplexes. 
Iri,,the previous section,- .observe that a sol:j.d cube, for example, was 
the union of twelve 3-simplexes, The figui^li^to^elow represent the 
unions of simplexes, ' . / 






The.' .figure on, .the. left represents a union oT a" 1-simplex and a 

2- simplW ^hich does^not contain the 1-simpJex. It is therefore of 
mixed dimension. In what follows, you will not be concerned 
pol'yhedrons (or polyhedra) of mixed dimension. Assume that a poil^^^ 
hedron is the union of simplexe^ k)f the same dimension . A 

3- dlmensional polyhedron will be spoken of as one whiph is the union 
of 3-simplexes, A^ 2-dimensional polyhedron is one' wh^lch is the 
union of 2-simplexes, A l-dim^nsional polyhedron; Is one which is 
the union of 1-simplexes, (Any finite set of ppin.'ts could be 
thought of as a 0-dimensional polyhedron but' the^e' will not be 
d^?alt with here,) !'.*: v'.y 

The figure on the right above represents a^ polyhedron which 
seems to be the union of ^two 2-simplexes (.triangular regions) but 



.they don't intersect nicely. It is more con^nient to think of a 
polyhedron as the union of simplexes which" intersect nicely as in 
the 'middle- two figures. Just- what is meant by simplexes inter- 
secting; nicely? There is an ^easy explanation for it. If two 
simplexes- of the sam^ dimension intersect nicely > then the inter- 
section mu_s.t be a. face, or an edge, or. a vertex of each . . 

Let us look .more closely at the union of simplexes which do 
hot intersect nicely. In the figure 
on ^e right the 2-simplexes (DEP) 
and (HJK)>.have Just the point H in * 
common. They do not intersect 
nicely . While ■ H is a vertex of ' ■ 1 

(HJK), it is not of^(DEF). However, . 
the polyhedron which is 'the uhion of 
these two 2-simplexes is also th^' 

union of three . 2-simplexes 'Which^do not intersect nicely. (DEH)*" 
(BHF,), and (HJK). ' ^ " 

The figure on the left rep- 
: resents the union of the 2- 

simplexes /ABC) ^ and (PQR) . •. 
They do not intersect nicely. 
Their intersection seems to be a 
quadrilateral together with its 
■ interior. 

- ■ . ■ . ■ .- .' ■ • / ■ 





:dn: the ^right it is indicated 
.how the same set of points (the 
same polyhedron) . dan be consid- 
ered to he a finite union of-2- 
simplexesf*whic|;^;» do . not intersect 
nicely. The i^olyhedron is the 
union o!^ the eight 2-simplexes, ' 
(ACZ), -(CZY), (PZW), (XYZ), (WXZ), 
(BWX), (XYR), and (YQR). 

These examples suggest a fact about polyhedrons. 




If a. poly- 



hedron is the union of simplexes which intersect any way at all 



then the same set of points (the same polyhedron) is also the union 
of simplexes which intersect nicely,. Except for the exercises at' 
the end. of this section, you. shall always deal with unions of sim- 
plexes which intersect nicely. When convenient a polyhedron will 
be regarded as having associated with it a particular set of sim- 
plexes whi'ch intersect nicely and whpse-'uniofi it is. When you say * 
the word "polyhedron," you may* understand the simpl^es to be there. 

Is a solid cube a polyhedron, that is, is it a unioo of 3-- 
simplexes? You have already seen that it«is. Is a solid prism a 
polyhedron?' Is a solid square-based pyramid? The answer to all of 
these questions is yes. In fact, ^ any solid object each of whose* 
faces is flat (that is, whose surface does not contain any. curved 
pot'tion) iis a 3-dimensional: polyhedron. It can be expressed as the 
union of 3--simplexes, ^ ^ . 

As examples let us look at a solid square-based pyramid and a 
prism with a triangular base. L 




i In the figure on the left the, soldd pyramid is the union 'Of 
the ty/o 3-3impiexes (ABCE) and (ACDp). . The figure in the middle . 

■ represents a solid prism with a triangular base. The prism has . 
three rectangular faces. Its bases are (PQR) and (XYZ). Here 

. you can see how ^he solid p^ism may be .expressed as the union of 
eight 3^simplexes. The same device i^s- used that was, used f or the - 
solid cube. First think about the surface ^s the union of 2- 

• simplexes. You already h^ve. the-'bases as 2-simplexes. Then think 
of each rectangular faqe as t^he'^'union of two' 2-simplexes. In the, 
figure on the right above, the face YZRQ ' is indicated as the 
union of (YZQ) and^ (QRZ), for instance. Now think abpul^-.a 
point F in the interior of the prism* The 3-simplex" (FQKZ) is 

.one of eight S-simplexes (each with F '-^s a vertex) whose union is 



the solid' prism. . ,in the exercises you; will .be asked to name' the 
other-seven. 

/.Finally, hpw do ybu Express a solid/pVism with non-triangular 
'V''6as^s as a a^dirfi^sional polyhedron:- C-th^'i is, as a union of 3-" " ■ . 
simplexes with nice intersections ) ? You can use a little' ti^i^^^^ ' 
Pir^st express the base as a union of 2-simplexes and using these 
:you may iejiiDress the solid prism as a union of triangular solid 
.prisms:j;.V Arid you . may then express each tr^iSngular solid prism as 
the- iinion of eight 3-^^3.rtplexes. You can .d0his in such a way ' 
V •fthat all -the 3implac|ia^. intersect nicely, ' 'f,:. . ■ ■ 

' ■ . Exercises 6-^ ■ ■■ '': ■" : ' . 

' 1. Draw two 2-simlpi;exes-, whosfe- interseotion is one point " and .' ' . ■ " 

(a) the i^Wit.is 'a 

(b) tHfe point is a vertex* of one but not of the othe-i?. ' ■.. . 
Draw three 2-simplexes which intersect nicely, ind-^hose union 
is its.elf a ■2-simplex. (Hint: , start . ^with a 2-simpIex as the 
union and subdivide it.") 

You are asked to draw various 2-dimensl,onal pol^lrie^drons each 
as the union' of six 2-simplexes. DraW' one such 'that 

(a) No two of the 2-simplexes intersect. ' J^'^^S' 

(b) There is one point 'common to all the 2- simplexes but no 
other point is 'common to- any pair. ] ■ 



2. 



3. 



Jc) The polyhedron -is' a rectangle together with its interior. 



The figure on*the right rep- 
resents a polyhedron as the . 
union of 2-simplexes without 
nice intersections. Draw a 
similar figure yourself and 
then draw in three segments 
which will indicate the: poly- 
hedron as the union of 2- 
simplexes which intersect 
nicely. 
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5. Th^^^^^imehsioaSl figure, on' : ! 
thev ri;jgh-t, -can be expressed as' ' • . ' 
a union of 2,-.simplexes with- ; .^^ 
nice 'Intersections in many- iways»/ ; 

* Draw, a similar figure md\ • • ' •■>'■ 

(a) , By drawing segments ex- ■ . 
. p;i?essa it. as the UQion of, " • • ' 
"sik 2-simplexes ' Without, \ . » ' ' ^ 

•• '^y-'u^jig more .vertices, ♦ . 

(b) By add'inevd^ drawing 
of the f^^^Ur^^^ as t,he: "uni 

• • • . v?^i?ht 2-S'ini^iexefe. ^aqli •'h^a^rig the point . in'* th^^mid:di^ • as.! . ■ 
' ' . ■ one 'vertexV-^'-^: :^''r ^ / •■■vj.. • ' ^ *" ''-J-V":/ . 

6. (a) List eight- 2-simplexes; 

whose union is the surface -'^ 
^ V, • °^ the triangular prism on' 
, the right. (The* figure is . ' 

.\\ • like that used earlier.) ■■■]■ 
. (b) > Regarffing F as a point in 
. y.:-the,^^^^ Jthe. prism 

,5; .;;i,st' eight 3-simplexes : . , y*^ 

containing .P) whose ^uhlbtT:-!?^ solid prism. . 
(t)<^;,The figure shows the ti^ianguiar^ j^^^^^^ 

'"''^^of three 3-simplexes which Iri^-errsect nicely. Name them. 




^6-5* One-Dimensional Polyhedrons ' 'v'' • 

A 1-dimensional^ polyhedron is the 'union of a certain number of 
l-sijnplexes . (segments). A {L-dimen'&ional polyhedron may 'be 'contained 
in a plane or ttirnay-not be. Look, at- a, model of a tetrahedron'. . The^ 
union of 'the edges" is a 1-dimensionar polyhedron. It is the union 
of six 1-simplex^s, and doe^ not lie. in a plane. You may think of 
the figure belpw as representing 1-dimensional polyhedrons -^hat do. 
lie in a plane (the plane of the page). . - ~ 



; ■ ... .There -are ■^W0v;.ty5);e3 of i-dlmeri,siohal; .i>olyhedr6n^ -are of 

special: interest. • ■Ji:^^o^ 
.vdn;- Whlph the l-sihipiexes'. caX).:pe ■corisidered -iK) .be arr.anged i-n ■ order 
\^5:f ollpvs . -There is .,a first^'ohe^and' there is a .iasV'one f " iEach ■; ' 
•Vb.tner 1-simplex of the polygonal path has one yWex'in cpmmon ■ V 
,;,.witht^^ lt>and,one vertex in 'common wi-th:' 

5'the l^simplex wl|ich;-?P611ows it. There/ jafsp, no extra intei^sections. 
The firs^i^Mid last vertices bolnts) ;'oif ; t^^ path are 

■called thfe'.'.'pndpoints. , ', '■' ; ■■ 

Neither of the 1 -dimensional polyhedi'ons..lii' the' f .^^^^ 
. is a^pojy-gonal path. . But each .contains many/ poly.gonai: paths., • Th^^^^ 
.iinlp?>f pO-^') ' , (BC) ; .(CD) , (DG) ' and ...(gh)^: 'is i jolygonai: path ■ ? 
:;:i<rom -./l-fo^^ The union oi" (JD) and . (D^ / is-'a polygotial . ; ' " ' 

■ path .fro^ri ..to E and .cons; si; s ;^^^ •Just "tw-o -i^s^ 

' 'lij ; 'the. drawing .6rK^^ ' .. ' 

~dron oil the right/ the. .lihiori . d^^^^^ ,. 
(PQ), (OR), and ■ (RS) ; 1§ a poly- 
gonal 'path from . .,P td S ^ (with 
■endp^ints P ^nd S)^; The 1- 
simplex . ;( PS) ' is itself , a ^pbl'y- ' 

■ gonal path frcJin P to . S. ' doh- " 
slder the l-dimensiohar. polyhe'droh 
which is the union^oi~>' the e'dges of 

. th'^^.feetrethedr^^ another 
'pidlygonal path from. P to • S , Iri ; . 

,.;;.se?"-.it . )'• ;IfpW; -mahy . such^^^.p^^ ■ . 
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The union of two* polygonal paths' 
that have exactly .their endpoints in. . 
.common is called' a simple closed 
polygon (it'xis also a • simpf^. -closed 
curve). The 1 -dimensional poly- .'• 
hedron on the right ds -not a simple 
closed ; polygon. .: But it contains ex- 
actly one simple' clo^fed polygon, 
namely the union .of lihe po$;ygonal 




ADC Wwhicli.' haV^ , 



B 



-h 

I 
I 



paths ABC and 
endpoints A and 

The union- of the edges of 'the cube in *the drawing is a 1-dimensional • 
polyhedron. It contains many simple' ^ 

• close'ti/ pplygon^; ;^^•0ne .is the union ' . 

• of (AB)>> (be), '(^EG-):, and (GA). . 
Another. is the union of (AB), (BC), 
(CD>>:..V(.r)E), (EG)., and (GA). List 

• the Vertices naming at least two 
irioi'e sipi^le cl6sed polygons con-' 
taining' (AB) and - (GA). (Use a 

model if it helps you' see^,it.>.;) ^ 
— There-is -on^ '-^ery-eapy^.etairliDrrsW s±mp-ie: cl p sed poly- 

gon. The number of 1-simplexes (edges.) is equal to the number of^ 
vertices; Consider the figure on the right. Suppose you start at 
, .some vertex. Then take an edge con- ' ' 

^^taining this vertex. Next take the 
. jother vertex contained in this': edge 
and^hen the' other edge containing ' 
. this second vertex. You -tmay think 

of numbering; the vertices and edges 
.as 'in the f^ure. Continue the • 
. p.roc^ess. Yoy will finish with the 
other' edge which contains our original 
vertex. You will start with a Vertex 
• and finish wi-th an edge after having 
alternated vertices, and. edges. .as. we go 
along^ Thus "the. number of .vertices is 




the same as the number of ddges. 
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3. 





5. 



9 

Exercises 6- 
The figure on the right repre- 
' sents aU-dimerisional pdlylje- * 
dron/ How. many/polygonal patlis 
- does it' contain with endporLnts* ^ 
A and. B? How m^y simple 
closed polygons dpes, it* pontain? 
. (a) She union of the edges of le . 

3-simplex (solid tetra- • ^ 
•■ hedron) contain's 'how many 
■ simple, closelj polygorlS? " 
(to) Name them all.' 
fc).' Name .one that is^not con- 
tained in a plane. . 
(Use a model; if you wish.^) ^ 
Let P and?. Q be^vertices of a 
■ cube which are diametrically op- 
rPosite each other flower fror^ 
^left and upper back right). Name 
three polygonal ' paths from to 
/Q- each of which contains all the 

vertljces^-of the^cuSe and is in 
' the union of .the edges. (Use a' 
model if ydu wish:) . ' - 
Draw a 1-dimensional ppLyhedron which is the union of seven 
1-simplexes and contains nS p'olygQi^al pa,th consisting of more 
•than two of these simplexesT * " ' * 

On the. .su1?face of one of your models of a cube, draw a simple 
closed polygon. Which intersects ev^ry face and whi!ch does not 
contain any of the vertices bf the' cube, 




6-6. /Two->DimensionaI 'Polyhedrons . i* . * ■ ' / . 

■ ' . A 2-dimensional polyhedron is a union Isf 2-slmplexes.- As 
stated, before, •it -is agreed, that the 2-simplexes ^re -to .intersect 
nicely. That is, if two 2-.simplexes^ intersect, then .the inter-* * 
section is -either ^n edge of yth/ or a vertex of both. / There are 
many 2-dimensional polyhedrons; som^ are in* one plane but many ' 

. * ■ •• 
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are not. in any-.orie, plane. The surface of a tetrahedron, for 
ingtance, is not in any one plane. Let us first consider a few. 
2-dimensibnal polyhedrons in 'a plane.. In drawing ^-simplexes in a 
plane their interiors '.'vfill be shaded; 
^ Every 2-dimensional polyhedron 
in a plane^ has a boundary in that' 
jplane. The boundary is itself a 
^-dimensional polyhedron. The i 
boundary' may be a sljnple closed 
polygon as in the figure on the ♦ ■ 
right. In the fl£ure on the right below a polyhedron has been, 
indicated as the union of "eight 2-siinplexes. (ABC.) is one of them. 
The boundary is the up ion of two ^ 
simple clos^ polygons, the inner 
square apd the outer square. These 
two polygons do not intersect. 






The figure on the right repre- 
sents a 2-dimensional polyhedron , 
which is the union of six '2-.simplexes, 
The bourviary'of this polyhedron in the 
plane is the union of two simple 
closed polygons which have exactly one 
' vertex of each in common, the point P. 



Suppose a 2-dimensi^"nal polyhedron in the -plane has a boundary 
which is a simple closed polygon (and- nothing else). Then the.num- 
ber of 1-simpiexes (ed©es) of ^ the boundary is/equal to- the number 
of O-simplexes tvertices) of the boundary,. You have already seen,, 
in the previous section, why this must be tru^. 

• There are many 2-:' imensional polyhedrons which are not in any 
one plane. The surface ot a tetrahedron is such a polyhedron. The 
surface of a cube is another. You have seen that the surface of a* 
cube may be considered to be expressed a^i a union of 2-simplexes, 
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These are examples of some 2-dimensional polyhedrons which are 
themselves surfaces or boundaries of 3~dimensional polyhedrons. 
Let us consider these two surfaces, the surface of a tetrahedron 
and the . surf ace of a cube. ' , 




You may look at the, drawings above or you may look at some 
models (or both). As yq^ have -observed earlier, the surface a 
cube may be considered in several different ways. You may think 
; of the faces as being square regions (as in the middle figure ^ 
' above) or you> may think of each square face as subdivided/into two . 
. 2-simplexes (as suggestea in the figure on the right above). In 
any case, it seems clear what is meant by faces, edges, or vertices. 
Let us count the numbers of such objects for a given polyhedron. 

— T-he le-tter — F-H^irl-t-be-usedHT-or-th^-^^ — E — for I h V 

number of edges, and V for the number of vertices. If ypu are 
counting from models and do not'observe patterns to help you count, 
it is usually easier to check things off as you go along. That is, 
mark the objects as you count them., . ^ 

Let us make up a table of our results. 





F 


E 


V. . 


Surface- of 

tetrahedron ' ^ ^ 


* ? 


6 


? 


Surface of cube 
c (square faces) 


9 


? 


8 


Surface of cube 

(two 2-simplexes 

on each square. face) 


• ■ . ,12 


? 
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It Is not easy by considering Just these special polyhedrons 
to observe any . relationship arnong the numbers you get. What you 
are looking for is a relationship, if any, whiph wil± be true not 
only for any one of these 2-dlmensional polyhedrons but also for 
any others like these. See if you can, discover a relationship 
which, l^s true in each case. 

Exercises 6-6 ' . \ 

1. Make up a table^ as in the text showing F, V, and E for the 
2-dimensional polyhedrons mentioned there. 

2. (a) Draw a 2-dimensional polyhedron in the plane with Iphe 

polyhedron the union of ten .2-simplexes such that Its 
boundary is a, simple closed polygon. 

(b) Similarly draw another such polyhedron such that its* 
boundary is the union of three simple closed polygons • \ 
having exactly one point in common. 

(c) Draw another, such that its boundary is the union of two 
simple closed polygons which do not intersect. 

3. Draw a 2-dimensional polyhgdron in the plane with the number of 
edges in the boundary ^ - 

(a) - equal to the number of vertices,. 

(b) one more than the number of vertices, 

(cy two more than the number of ^rtioes. ^ ~ "T~ 
^. Draw a 2-dimensional polyhedron which is the union of three 2- 
^simplexes with- each .- pair' having exactly an . edge in common . » Do 
you think that there exists in the plane a polyhedron which is. 
the union of four 2-simplexes' such that each pair has exactly • 
an edge in common? Does one exist in space? 
5. On one of your models of a cube, mark six points one at th^ , 
center of each face.' Consider each face to be subdivided Into 
four 2-simpleixes each having the center point as a vertex. 
. Count F (the numtoer of 2-simplexes) , E (the number of 1- 
simplexes), and/v (the number of . 0-simplexes) for this sub- 
division of the! whole 'surf a6«. Keep, your answers for later use. 
D. Do Problem 5 wit^tmut using a model and without loing any actual 
'counting. Just^ figure out^^Pow m.any^ of each there must b6. For' 
instance, there/mast be l4 iJ^ertices, ' 8 original ones and 6 
added ones. . ' , . ' " 
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7. Expre^j^ the polyhedron on the right 
as a union of 2-simplexes which 
intersect nicely (in edges or 
vertices of each other). 




6-7. Three^Dimensional Polyhedrons ■* " 

A 3-siraplex is one 3'-dimensional polyhedron. A solid cube is 
another 3-dimensional polyhedron. Any union of ' 3-simplexes is a 
3-dimensipnal .polyhedron. It will be assuined again that the sim- 
j>lexes of a polyhedron intersect nicely. That :1s, that if two 3- 
simplexes intersect, the intersection is a 2-dimensional .face 
(2-simplex) of each -or an edge (1-slmplex) of each or a vertex 

(O-simplex) of each.' 

..... J 

Any 3 -dimensional polyhedron has a surface (or boundary) in 
space. This surface is itself a 2-dimenslonal polyhedron. It is 
• the- union of several -2-simplexes (;which intersect nicely) . The 
surface of the 3-dimensioftal polyhedron represented by ^he drawing 
on the) right consists of the sur- ' 
faces of three tetrahedrons which . 
have exactly one point in- common. , 

The simplest kii;ids of* surfaces 
of 3-dimensional polyhedrons, .ate 
called simple surfaces . The, surf a'ce - 
■ of a cube and the surface of. a, 3- 
simplex are both simple surfaces. 
There are many others. > -Any surf ace of "a 3-dimensional, polyhedron 
obtaine.d as follows will be ai; simple surface. Start; with a solid 
tetrahedron. Then fasten another to it .30 that the intersection of 
the one you are adding with what you /^i^eady have is 'a face of the 
one you" are adding. You may keep adding more solid tetrahedrons 
in any combination or of any size provided that each one you add in 
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turn intersects what you already have in a set which is exactly a , 
union of one, two or three faces of- the 3-simplex you are adding, 
.The surface of any polyhedron formed in this. way will be a simple 
surface. 

Class activity . Take five -models of regular tetrahedrons of 
edges 3", Put a mark on each of the. four faces of one of' these. 
Now fasten each of the.others in turn to one of the marked faces. 
The marked one should be in the middle and you won't see it any 
more. The:|urface of the object you i>ave represents a simple sur- 
face. You can see how to fasten a j^ew more tetrahedrons to get " 
■more and more peculiar looking objects'. Suppose it is true that 
whenever you add a ^lid^ tetrahedron the intersection of what you 
^.add with what you alrea.d5^ have is one face, two faces, or three 
^fa6,Q|:c^^^^^ you add. The surface, of what you get will be a 

Cine can also fasten solid cubes together to get various 3- 
dimensional polyhedrons. If you wish -them to have-^>&i^^ 
you must follow, a rule like the one given bef 6re.'''^"l5he;vC^ rTius;t"4.-P 
be f;astened together in such a way that the inter seGti6n%t th'^^ 
polyhedron you already have with the cube you are adding is a set 
which is bounded ^ on each surface by a simple closed ^polygon. ' For 
example, the intersection might be a face or the^union of"' two or 
more Adjacent faces of the cube you are adding. 

Finally an interesting property of simple surfacesHs mentioned. 
Draw any simple closed polygoh o» a siifple surface. Then this ■p9ly-^ 
gon separates '^the simple, surface into exactly two. sets each of 
which. i^ connected, i.e., fs in one piece. . " 

Class activity . On the surf aae 'of one of the peculiar '3- , ' 
dimensional polyhedirons .(with simple surface} that you have conr ' .V 
structed above, let one student draw any simple closed polygon . (trfe 
wilder the better). It need not be just one jTace. Then let * ' 
another Student start coloring somewhere on th^ surface but ^away, 
from the polygon. Let him color as much as is possible without. ^ ' 
.. crossing; , the polyRoh . Then -let another student start coloring-. With 
J another color at any previously uncolored plade. • Color as much as . 
possible but do not cross the polygon . When the second student has 
colored as much as possible, the whole surface should be colored. • 
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you don't carefully follow the. instructions for" construct-' 
K:?-^^gi;a p with a simple surface, you may get .a;pplyhedron. • 

■.v,;Hh<>Be surface, is not simple. Suppose, for instance, you fasten 
::;:;eight cubes together as in the drawing shown belov;. The poly- ' 
■V'^^^^^ looks something like a square doughnut. Note that in fit- 
rjting the eighth one, the intersection of the one you are adding 

already have is the union of two faces which are 
y/I12l ddJac.ent^ The boundary (on the eighth cube) of the iptersec-' 
.;tion is two simple closed polygons not just one 'as it should be. 
; = ■ There are many simple closed polygons on this surface whhih do- .not ' 
sepairate^it at all.. 




The polygon - J doe s ; hpt^; s.^^^^^ ^ t The polygon : K does . ■ 

\ 'fW; •-^■■^V Exerc-ises ■ 6-7 yv.. -Z:.'^ 
Using a -> Jock odf;;^Gic^^(w off if possible),'^ 

-draw a simpig^ clc)sed,J^^ thje^ ^liir^ making it inter- 



1. 



2. 



sect most or' all'. pf .th^^ : tfte; ap|i^'. Start c^oloiMhg , 
at some point .- V; ^Co- hb^ c^s^^ ^ as much' as - 
you can withou1:;=cro^sift^^ ^^-^P^j^m^^ have colored 
as much _as >ou can color on ■ 
some uncolore^ .pbrtlpnV'^^^ with- 
out crossing ttoe- pplygonv^^^ Whole surface 
.colored When you?fitSBhv 

Go 'through th^ same ^ySqcedure^^ with another 

3-aimensional^soljLd wt^^V simple surf a^^^^ of your 



:H^■^■-■'ffc:.■;.:■ 
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models or another block of wood. Make your simple closed poly^ 
gon as complicated a's you wi^. ' ' • .i" 



6-8. Counting Vertices. ' Ed^esjw^and Faces - The Euler^'J^rmula 

In Section 6-6 you were a^fef'to do\gome counting.' Look at the 
problem in another way.^ A ■few^'^#^you may have discovered a rela- " 
tion ship between F, E, and' V. Consider the tetrahedron in the 
.figure below. Its surface. is a simple . surface. What relationship 
. can you find among th^e vertices/ hedges, 'and faces of it?V/ . 





^There. are the same riujnbfer of edges' arid i^^es the ^oiMty:'y 

A, three of each. One^may see that on '^the -base 't^^ th^- same - 

number of vertices as edges. You have two pj^jecl^s left over: th*e- 
vertex 4. at the top and the- face (BCD) at -the bottom. Other-^..!. r. 
wise ifpu have .matched all the 'edges with vertices and faces. So - 
V +.F - E = 2. Noy/ let us akk what would be- the relationship if 
. Qne . of the faces..,or.;.the. .l^ase we broken up 'into ' sevei?al 2 simplexes. 
.Suppose you had the b^s^ broken ufci Into three 2-simplexes by adding 
one vertex P in the interior of the base. Th^'i:j?gure on'the. ' ' 
right above illustrates this • Thfe counting woulk^ be the same , 
until you got it o the base and you would be able to match the- 
three new 1-simplexes which contain P with the- three new 2- 
simplexes on the base. You have lost the face wga.ch is the base 
but you have picked up one new vertex P. Thus the number of ver- 
tices plus the number of 2-simplexes is again two more than the 
number of 1-simplexes. V + F - E = 2. 
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Next let us look at a cube. 
JiAere is drawln;g..:Of one on- the 
"right. The cub^i^^a^^Xow^^ 
How many edges?'^^•]|d#'rnahy ver^tices?;, 
Xs the sum of_the number of' yjej»t ices 
and the.rjuiTiber of faces two 'more 
than the number of edges? Let us see. 
why thi^ must be, * • 

(1;); The number of ve.rtices on the top f apV is the. number of 
vv^K,. edges on the . / v- - . ■ 

: y./yi^i ^^'i^ of Vertices' on the bottom Tace is the number 

edge^s on th,e^ bottom face. '* ' -^^ > ■ 

■^y:y,;^ number, of vertical faces ^s the number' of ;yk^tical . 

T ^-'vJi'^^^^J^jSdses.^ ■. ; : V' -''V->^-/, * . ' . y'-yl^ h ':. ' 

(^): • All the;^ vertices^sLnd now used up. All ^the ^-f'^^^^^ 

'vertical faces rfre now/:u&^ -The top . and botto%'.;V.' * 

'ii,^' ■; \ . fa5:^es,*;kre left.,:.' , ; ./ ' ' 

So y;+ F. = .;E^^;^2^'p^^ . V: 

tWhat would; li^i^ each fac^/wfere broken'^ up into two 2-simplexes?- 

Fpr^ would how have two 2-simpleXes. But 

face'yba %6uid have one new l-simpldx lying, in it. Other ' 

;^jtjhi:iags^ are not •changed.,. Hehc¥*"v '-f F - E rs again 2. 

^^"i'^^'V Suppose you have any simple surface, fKen do you suppose 

:;t^a1i^^^^^^ + F - E- = 2?. In the. exercises you will be asked to verify J 
this 'f oi?mula, yrhich is known as the Euler Formula, in several • 
other examples. Euler (prpnounced "Oiler") is the name of a famoUs 
mathematician of the early l8th century, 

■ . Let us now observe that the .formula 'does not hold in general, 
for surfaces which are n^ot simple. Consider the. two examples below.. 
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.; in, the figure on the left (the union of the two tetrahedrons ' 
.having exactly the vertex A in common), what is.. V + f -■ e ? 
Count and see. Use models d^f two tetrahedrons if you wish. ', 

V + F - E should be .3. ■ You. may' reason this way. Qn each tetrahe- 
dron separately the number of faces plus the.numlDer of vertices i.^^ 
the number of edges plu^. e.; But the vertex-.o,A: 'would have been f ' 

■counted l^wice. So V is one less thanv;£;;#J'*t ■ 

■ The figure .cn the ^ right abov,e., is^.sup^^^id:■ to represent the-'i- • 
•union of eight solid ;i:%s as in 'tHe. last^^eati^. .. The -possibM?. 

ninth one in- the^ ce^^ff-:^ig -missing. Count. 'ail' the/iaces^ (of ^uBe^ 
edges and vertlQ!0^:'^i]ii:\:^e .In the surface. ; .FbVthis^>igure "' ' 

V + P^ E shouia,:-be^:.p. /.^ v. - Should, be -32.) 

■ Exercise's 6-8 '■■^ ,. ''^]' 

1. Take, a cardboard model of a non-regular tetrledron. ' In each- .. 

. face^add a vertex near tl^e middle. Consider the face as the 
; union of three 2-simplexes so formed. Give, the count of .M''' ' 
■•■■■faces, edges, and vertices of the 2-sirnple;i^l^ on the ■ surf a'ce..' ' • 
How do the . faces, edges, and vertices of t^iis polyhedron com-,.' ' 

■ pare with those of the polyhedron you- get by attaching four ' 
.. regular tetrahedrons to' the .four faces of |, fifth?' Does the 

.Euler F ormu la hold' for sucK a polyhedron? j ■ ' . 

?v TakeX:iii^i of a cube.T~Subdivide •Tt""as fpllowsT •Add^ one '. 
■■ ■^i vertex in the middle of each edge. Add." one vertex in -.the ■ . 
.. middle of each 'face.' Join the new vertex , in the middle ofUach * 
face with the eight other vertices now on 'that face. You should 
■ have eight . 2-simplexes on eac^i face. Compute F, V, and E. ' 
Do you get V + F - E = 2-?..''' ■ • • 

Consider the squarish, .doughnut 
whicfi is the union 'of 8 cubes. 
■ Without cube- number 8, the. sur- 
face is simple and V + F - E = 2. 
What is the effect of adding - , 
cube 8?, You lose two faces (one 
on cube 1 and one on cube 7). You 
g_ain faces and edges on cube . 8 
.■■ and that, is all.^ Hence for the' whole 
♦■polyhedron, V + .F - ~E = ?j •■ 



3. 





' :.:.^:ii::'r.yQIL^m^.:m:) SURFACE ■ AREAS ,: ' . ' ' " ■■■•'>■■■ 



.. ., „ !L135P;S -Alto SURFACE. AREAS ., 
.7-1* . Areas of '. Plane ' Fltursk- ' „• : ■ t'- 

recall ^hat area- of' surf ac% >is^:'t^^^ square, units 

contained in it. The atea; of,:^ rect^ngle'^^^^^^ area of the 

..rectangular closed region. The: ar;ea;^f " a '^ Se-tangle is "the product 

measures , of the length , ar^^width. f , ' ; [ h "■ ■ ■ 
S-Stated BS a fornluia, ■ A p , ' | = ' bh; '. ■ j ■ ' 

. symbol such as the re'cUanile in "A[==i" ^ will sometimes be, used. 
EQ-r. a square, An = s • s or, An - s^. ' ■ . ' 
■ ; A parallelogram has the ^ame area as a rectangle of the same 
.^'height and base." Stated as a formula. A y — 7 = bh . ; . 

A trapezoid;. is^a quadrilateral, only two 'of whose sides are 
■' parallel. 




If a diagonal -(such as , AC.) is drawn, the interior of the trapezoid 
is separated into two triangular- regions. Note that the altitudes 
of both triangles aH .^cohgruent, but the bases b^^ ' and , bg, of the 
two tria1igles.have, different measures. ' The area of the trapezoid - 
■ is the suiji.'.Qf the areas of the tvra triangles: ■ " • 

Area of ABCD = Area of , _ ABC + Area of ADC . 

■ . .,.^ ABCD =.i hb^: -f'l-hbg..' ■ : ■ 

Example: fn the trapezoid ABCD find the area by finding the 

sum of the areas of the two triangles into which' the diagonal :ac" 
separates :^t. ' 



^ AABC 
"^AADC 



-ire 



15= ^5 



7 = 21 

0 



=; ^5 + 21 = 66 

The area of th'e trapezoid is 66 square inches.. ' . . I'- '^■ '['■ 

The above method of finding the area oli, a\;trapez^^ oa'n. 'b^ , 
simplified by using the distributive property. ^ ' " ^■.■■' '■■.ly''''::- 




'^ABCD 2 ' ''I ^ 2 "2 
Then, by the- distributive property, . 

The formula may also be written: 



.h 



^ABCD 



The area of a trapezoid tan be obtained by multiplying 
measure o'f the height by the average of. the measures 'of th^^^^^^ 
Area of a Regular Polygon . 



the ■/ 
bases. 




Recall tihat a regular polygon is defined to be a polygon 
whdse sides have equal measures and whose angles, have' equal. • 
measures. ~~ ' ' * 

. Join the. center Vjf the regular polygon to^ each vertex of the " 
pblygoni. (The center is the point in the interior- which is equally 
distant from the vertices . of the polygon.) If there are ' n ver- 
tices there will be n copgruenjb' triangles.. 
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. '• The area of any such regular- polygon-, will be the sum of the. 
areag«fiof the trlangl.es^. in^he figure,- / 

• ' ;■. .■'^A4^* ■=''ihf ■ ■ ■ .. ... ., , . 

There ;are five such triangles,, so: ■ . ■ 

' ,■ Va 



<0 



. ' • ■ =1^ .(b > b + b. + b + b), . 

But (b f. ^ ,+. b + b > b). Is the measui^e of the perimeter of the 

/Polygon . Thus = l-^Pv - > /. ■ / 

■ 'A!pfea of a. Circle • . .v. '- : . - m, ; ' ■ 

: : Consider circle. 0 In . thW figu^res . below, • 




.|;,r^gula7:^p^ -h; ^sicies as vln^^ Iri 'a cirjcuLar region. If - 

' l^jfe!'^?^'^^^^^ of/the .i^egular. poiygon^^'^ points -pn the: circle. :: It. 

sid^s the; inscribed - •'■ 

PO-l^^>" has,,;^^i^ will be ishe length of each; side • A^l* • n 'K: ^ 

get^arger aiM^^arger, it :wilg^^Jbe. more -and more dIfficult.J^,diV^ 
tingtiish ,be1;ween ;th^^^ ijegular poiygpn' ancl the circle ' Yp^^^^ 
th^t tt^area'^ of the interl^br ipf . the insc^bpd polygq^ , 1^.^^^^ ' 
mately .^(j^l td.the 'area of the^^toterior^^^^ithe circsfc/vto^^ 
Is aiways^^pme;-portion pf ^e-'fj^of-'^ .: 

. tained' in thW interior^ of[: Siti inp^ 

' :f or' large value 
of the' area;' of 

of ;.the inscribed/regular *poly^ , . , . 

; ■ It should also be. no^eci^itl^a^^^^ n ^jj^Cthe riumber . of . ' 

:sides) becpmes, . thf .clpger* t^^^ ^surd i^f ^^fte^^distin 



interior^ of ah ip^cji^l^ecj, 

tes.;;o£-:^^, '.'t^e:j^^3^ 

\ Ihe Xrit^vlof M^&^ oi-^^^ -that 
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center of tl^e Inscribed iK)lygon to a side gets to th/ measure of 
the radius of the pircle. * You have se^n that' th^e number of square 
units of area in the polygon is |hp, but you have Just observed 
that v/hen n get's very large, h gets X^ery' close td r, and p 
gets' c^lose^^to ^ttt so you are, led to c/onclu^de: 
. \ v-If . r • is the number .pf linear units in the radius of a 
circle, an-d. A is the number of square *units. of apea in its 
•intefrior, then,- . *' ■ ' 

A 7rr . . ■ 






Exercises 7-1 
Find the area of each of the 'following figures.: 



2. 
3. 



Fip;ure . « 
Rectangle ABCD' 
'Square XYZW 
Parallelogram .ABCD 



^. ' Triangle XYZ 



'A -circle 



Measuremetits. 

AB^.ls long, BC* is 12" long. 

YZ*is 3^ ft. long 

AB is 16 in. long; the height- 
is 15 in. • ... ' 

The base^ YZ is 3S ft. long, 
the height' 3CW I's 31 ft. . 

Length of radius is ^.5 in. " 



Find the^^area .of trapezoids:^ 

Height .. .Upper Base; 

. 8 in. 6 in. 



5..^ ft. 
2| ft. 



9:8 ft. 
3r ft. 



Lower Base 

13 in. 
•12.7 ft. 



The ar.ea of a trapezoid is 696 
bases are 23 .in. and 35 in. 
zoid. 



. ' '6^ ft. 

sq.' in. The lengths of the 
Find the height* of the trape- 
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'8. 



Compute 'the area of • the interior of .e^h erf the -following , 

circles.' The .measur^mq^t in each c^se ^re in inches. E??pi4fes 

the answer* in terms of tt. " . «i . * ' 

(a) r'V 5 • V; (6). r = 2? ; , > 

fb) r = 10 V' ' ' •(d).' r = 4- , * . • " 

Find the area%.of the following j?.egu!bar polygons: 



K:^fjj^' of. Polygon - 



(a) Hexagon 

(b) ipentagon 

(c) Octagon 
■(d) Decagon 



■Distance from the 
Center ,t^o a Side 

' -'17 .'3 inches 
27. 5 inches 
. 72. 5 "feet 
30.8 inches 



^Length o'f a 
Side 

20 inches 
^0 'inches 
6o feetV^ 

■ 20 inches. 



Planes and gines , ' ' ' . . ■ 

Take a piece of notebook paper^as shown,, first. folding it so 



7-2 
•¥ ' 

that ;AD . falls' of^ BC*. -^Npw take ' 

the"" paper' and set it on your d'esk . 

as shown, *in-the position of a • 
.^partly opened book, so that^ seg- . ' 

ments- AQ»'' and B^^ 'lie^pn -.the ■ 

plane, of • the^de^k top.; V/ould you 
■ ^agr^e that QR 'is now pierpendicu- . 

iar to- the desk top?. If so,^ notice 
..'■that you'hav^ f'ound a line perpen- 
dicular, to a plane "by ' making .it 

perpendicular *to ^ust two^ different lines . in the plane 
# illustrates the follov/ing property of p^erpendiculars. 




This 



Property 1. If a lin^ is perpendicular to two distinct . Writer- 
secting lines in a plane, it is' perpendicular to the" plane. ' * 



From a coaaideration bf several 



•' ; segments from a point Q to a^ 
'piano, such as • ftR and x. 
^ we state ' ' . 




16^ 



. Property 2.- The shortest segment from a "poirit Q . outside a 
plane, r to the plane r is the segment perpendicular to that 
plane. 

This Shortest distance is called the distance from £ to ■ r . 

Extending the idea we have- about the distanqe between two 
parallel line's tor two parallel planes, we have: 

Property; 3, twp planes ^e parallel thd^/i^Trpendicular). 
distances from dif f erent \points of one plane to^he other plane 
are all' the same. ^ ' -.4 



The constant distance in Property 3 JLs called the distance 
^^^^^^^^^^ .P^^allel planes. Actually the .segments' involved in 
Property 3 are^' perpendicular to both "planes, ■ as is true for the 
Lateral edges of ^a Mght pri^m; • ' 

" f Exercises^7>-2 . 

^. Glvbjlvf examples of pairs, of parallel planes, with lines per- 

^ pendicular to bc^h planes in each example. ' 
.^2, You actually could have proved r\ ^ 

Property- 2 instead of observirtfe ' 
it by experiment. ' #^ 



Let;^ S be the point' of r so 

that QiS is perpendicular .to' , 
■ r. Draw segment SR. . |f> 

(a) / QSR is a right anglev"- V/hy? 
, (;]?) OR is the hypotenuse of a right triangle. 

(^) QR is longer tlian QS, Why? A 

But sinc*e R was any point of 

QS isfthe shortest segmatit. \ 







r . 

s 





Why: 



except ^-S, yils shows :that 



7-3.-' Ri^ht Prj%i ; ■ ■ " ' * 

^ In general, a right" prism ^ is a f,^gure' obtained from twcj con- 
gruent ipoljl-gons, so located ir^aral'iel planes that when the seg- 
ments are^dravm Joining .corresp'ondi^ne .vertices of' the-polygons, 

167 ' ' ' * 



» t, 
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the quadrilaterals obtained are 
all rectangles. The prism is the 
union of the closed rectangular 
regions and the two closed ^poly- 
gonal regions. The rectangular 
. regions are called the faces , of the 
prism, the segments are its edges. ' 
and the F^oints where two or more . \ 
edges meet are called vertices ^ 
The bases of the j)rism are -^he 
regions; bounded by the original \ 
polygons. ' . . ' .. 

■ As. was indicated, the figures' 
descTribed here are called rip;ht 
prisms . Later you will meet more' . 

general prisms for which the quadrilaterals mentioned are allowed 
to ^e any parallelograms rather than' ne,cessarily rectangles. 

Rectangular -right' prisms are simp^ly the right prisms Whose 

^^bases are rectangular regions. A rectangular prism can be thought 
,'.of as^a prism in' three diff erent ' way's, since any pair of. opposite ' 

%'faces can be usedi|ps. bases. No other figure , can be thought of as 
a right pri^m in more^th,aft one way. 

^ . .In the drawings of 'the prisms it is often convenient to show 
the planes of. the bases as hprizontal. However, there should be no 
difficulty in identifying- such, figures when they occur in different 
positions. For example, the figure below represents a triangular 
right prism with bases ABd and .A'B'C*', even though it Is shown 

• resting on one of its rectangular faces. 



Previously, the volume* of a rectangular 'prism was discussed/ This 
discussion showed that if the area- of the 'base were ' 12' square , 
units, then by using a total of 12 unit cube^ of volume (sjome-o'f 
. which may be subdivided) you could form -a layer one unit- thick 
across the- bottom pf the prism. If the prism were 3^ unitfe 
high, it would;take 3^ such layers to fill the prism, or- a total 
pf (12) (3^). unit cubes, so the volume is, h2- cubic units! ' 

The interior of any right prism, can be considered as co.nsist- 
;ing of a series of layers piled, on each other.. Thus, the fcaiow- ' 
Ing conclusion can be obtained:, * ' ^ 

' -Hhe number of cubic units of volume of a r^ght prism 
•.is" the product of the number of square units ©f area in 
the base and. the' number of linear units in the height. ■ ' 
In this statement, the term height means the perpendicular distance 
between the planes of the bases. It is^ the length of the segments 
from any. vertex of one base to the cof^respondlng vertex df the 
other ba^e. Notice especially that the height is' not measured ' ^ 
vertically unless the planes o'rNi^rie bases happen to be horizontal. * 
In the last figure> for example, the height- is the length of any 
one of the segments AA» , BB» , or ^^CC^. . 
Rectangular Right Prisms 

OneVight .prism with which you are rather J['am"ilia^r is, the rec- 
tangular right prism. A good example is a cereal- box. The figure 
below represents such a prism. 




Th^ me|sures of its length;, width, and- height will -be. repre- 
sented by ^ w and h, respectively. Furth^more^ S will 
repr^senyj^hS^^ measure of its surface area, and V will ' represent 
; the , measure >^jpf its volume. JRecall the following formulas: . 



S = 2(>/w + JL\\ + wh ) • ^ ' • 

. . V = ^wh or V = Bh.;, where B is the measufe of the 

area oT the base' (B = ./w). You v/ill notice that in a prism of .this 
type all faces are rectangles; so any pair of parallel faces can be 
. considered as this bases. 

A cube is a special case^of the rectangular right prism in 
which all of its edges are congruent. Let us designate the measure 
of i'tS edges by s. The formula for the surface area of a cube is 
S = 6s • The formula for the volume of a cube is = s . 




Since the area of the surface is the sum of the areas of the 
bases and' the faces, v ^ 

S = SCl" ab) (hb + he + hd) . ' ^ 
■ . • . . S = ab + h '(b + c' + d)' 

• : ■ . . S = ab + hp, . " - 

where p is t^e measure of the perimeter '6t the triangular base.^ 
.."^ .A^so;. . ■ , ' . ; 

' J'-- ^ V=/|'abh' or V = Bh , 

where 'B . i^ the measure of the- area of the base; 
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ses 7-3 



Find. the number of cubic unit's volume fbr each of the prisms 
; shown below: ; * ' 




(c) 




2 cm 



< 5" > 




A. 



Find the- number of cubic units of volume for each of the prisms 
^own below, . ' ' 



0^ 





lom 




■ «Area of the Pen- 
. ^ ' t^gon is 21 

* square finches.. 

If B stands for the number of ^ square units of area in the 
base of a prism, and h is the number of linear units in its 
height, write a sentence showing how to find the number V of 
cubic>units of volume in the prism. 

A container in the shape^ of a: prism is 11 inches high and 
holds one gallon. How many square inches are there in, the ■ 
base? DO you topw the shape of the base?' (A gallon contains 
231 cu. in. ) ' . ... 

A^h^P^iguiar prism has a baSe which is a right triangle- with ■ 
the two perpendicular ^ides ' 3 inches -and 6 ihches. Jf the 
prism is 20 inches high, what is the" volume in cubic Inches? . 
How many edges, ^f aces, and vertices are there oh a triangular 
■prism? a pentagonal prism? a hexagonal .prism (6 sides)? an 
octagonal prism (8 3ides)? - , , 



7*.. Compute the volume of 'each right rectangular prism, whose 

measures are ap follows: • 

■ (a) \^ - 1, w = 2, h> 2 / ; ... 

' = 4"' ^ = 2, h = 2 / . ' - f : 

.8. . _CalQulatg the surface area of each right rectangular prism of' 

Problem 7. ' 
9.. Find the surface aifea and ^yolume for Model 5, at the end of the 
. chapter.- ' , .. . ' 

10. Construct' Model 4 . Find the ..area of its surface aad its . 

volume. , ^ — 

^ ■ .... 

11. Ja) ^Reifer to patterps for Models 4 and 6 and> f ind the 

\ * perimeters of the bases. . . .. 

(b^ Are:^'these perimeters equal to .each other? 

(c) Compare the volumes of the ^e two models. . , . ' 

(d. Are the volumes equal? 

12. ''' (a) When you computed jthe* volumes of Models 4 and 5, did you 

find then? equal? ' . . 

^(b). Check' (a) by filling ohe with salt and pouring it into 
. , the other. 

(c) Find the perimeter S'Wof the .bases of these models. Are the 
. perimeters equal?, . - - \ 



7-^. Ob.lique Prisms ' > 

Consider two .congruent polygons. Imagine them so placed in.. . 
parallel "planes that when the^ segrqents are drawn, joining correspond- 
ing vertices of the polygons/ the quadrilate;?als formed are all ' 
piarallelograms, of which, at' least two must be non-rectangular. This 
means that the lateral edges are not perpendicular to the bases... • 
These parallelograms and original polygons determine closed regions. 
The union of these closed regions Is called an .oblique prism . The 
•segments are it s ledges, ' and th^ points where two or more edges meet 
'are. vertices. . The closed regions formed by the parallelograms are 
called lateral faces (or faces). The. original polygonal closed 
regions are calletl' bases,. The segments Joining . corresponding ver- 
tices, of the two bases are called lateral edp;es . (See Model 7), , ' 



.-. As In .the study pf the-right prisms, we are Interested in find^ 
■ irtgtHe surface, ar^a dnd vbmume of oblique prisms. There"is-no- ' 

problem Ip. finding the :sur^ace^^rea;-since- W^ is obtained'by find 
.. ing the suirt 01^ .the; areas of -tshe bases and lateral faces. Of course 
, ,in finding . the ■arfea?. of ' the lat%. faces you .will , be finding' the 
• are?is, of the parallelograms 'rather th^' rectangles/. ' ■ ' 
-X No^vlet us consider' the....voiume,of an oblique prism.. Take' a ' .' 
-.; ^^^^'S^C/^^'^^g^lap . cards which ar'e' congruent. You- may make such ■ 
, .a stacft%)r use a., deck of playing cards. ...When you have ,the cards . ' 
stacked- so toat all' adJacent^caHs fit exactly^ you ■ have an ' illus-'' 
^ tration of a right prism ^similar to.-the following illustration .in ■ 
. cross :section.' .' 



Now push -the- cards ■ a 'bit so that the deck will h'^ve the 'following 
appearance in cross se.ction. ' V ■ 




■You now have an il.lu.stratiqr, of an oilique- prism..- course • 
It is not a perfect, prism due .to'thethlckriess, of the cards. The'' 
cards do longer fit smoothly. ' " '.• 

■ ^ext -.let. us consider a Similarity, between the ^wo stacks- 
illustrated, above. ^You note that the bases ^re congruent and the 
distances between. the' bases; are equal., ' In view of this discussion- 
it would seem that we. have the basis for, making' the" folibwing con- 

Conjecture : y If two prists .hav^- congrSent bases,: and equal height s/'' 

'." th.ey have: equal, volumes.. ■ , " , , ,. ■ ' ., ', ■ 
' ,. Sj.nce^the conjecture^ seems to, be borne.. out in pWctice, we' ;■ ■ 
will ^st it now as a pr(Dperty. . . ^- , ' - .' ., • 
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Property if two pz^lsms have congruent bases and equal . 
heights', they have equal volumes. : • • ^ 



, Vrom Property the volume of any prism is the sam^^ as that of 
9^ right prism whose base is congruent to the giuen one and havihg 
the same height. . But sin6e vje know how to find the .volume of the - 
right prism, we obtain at'- once the following formula:'*. - ■ : 

.The number of cubic units of volume in any ^ 

• •• " ^ . . ■ ' ' ' . ' , ' ' ■ ■ ■ 

. .. prism, is; obtained from tjie formula " 

•' •■ ■ ..v.= Bh. ^ ; ,■ ■ • :■ ; , 

where ' B is the number of square unitsf of arq,a in its 'base and h 
the ;iujnber. of linear units in lts. height . ' ; , ' 

7-5. Cylinders " ' ■ . . ; , ' > . ; 

^ Examples bf cylinders ate t cans, wafer glasses, , "tanks, - ^ 
silos, and water pipes.. ;The figures shov^ in /the following drawing 
represent cylinders. .Those on the left are called right cylinders , 
; Compare . them with the oblique ( or slanted) cyMndeA - on the right . 





... ':. ■ We 
in this" 
' We 

,(2) 

•; (^) 



rarely "36^ slanted cynnders . in ordinary: life. Therefore^ 
ohaptier we shall assume pur cylinders are .pijsbt cylindersj 
list some Important properties .of ;a rlg]h;t?^^^ .\' 
It has "two congruent^ bases (a top and, 2^ -^^^ .! 
each is a. circular region; y ■ :\/-':'"^SSl^'4M^ ' i 

Each b^se is in a plane and the planei-^'ifV:^^^ bases' 
. :are paralli^l^ . ; .. \v: riiy^-". 

If the planes of . the bases are regarded as horizontal, 
. then -.the upper babe l's directly above the lower base. - . 
The lateral or side'-. ^rf ace of the cylinder Is . made up 
lOf .the .points, of segments each, Joining a point of- We 
. •lower circle with th^ point 'directly above it in the ■ 
. upper circle. . " " . i ' ^ . ; ' 



if 
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There are . two numbers or lengths. ^^w 
These are the radius 'of the, :b^ie' pf the cylinder and the?ftfeigJ^of 
■the 'cylinde'r. The l^eight - isythe .;Cperpendi^ular) .dlst^hcd^ beS^ . ' 
.the- parallel pl^es c'ontainih-g t^^^ . 
^ '^^^.^^"f '-the 'volume of a cyli a measure 7 

• and whose height has a, measure of 10: ' 

.. ■ .' .'. V ,= . Bh;. for a cylinder, ■ B ■■ = ttt^ '. ^'^ . 

■' , ^V, .' "' ;• :/ ■ : 'V ■Trr?h, ^- ■ ■■. ' '■■■ 

; Theref or'e , T" * • ■ 7 • 10".. . 

: ' . :■ ■ ■ V V.' ^ i5ho _ : .' ■ ' ,. ; \ • 

The volume of' the cylinder is about 15^0 . cubic uinilts. 

■ . . In considering, the surface area of 6 cylinder,- two .questions 

; might be asked: ' (l) Wh£t is. the total surface area? (2)t What is 

■ the area of the. curved surface? The; total .stir|ace area^is the area 
of th^^ curved siirface pliTs the area- of the twol^ses. The arears of 

' each of the bases.^re. the same: Trr^,/wher^^^^ r. is the' measure of v 
the radius the base.^ |t remains for us to determine the area of 
the curved surface/ ' ' ) " / y. " 

, The^ late , ral ^area.of- tlie'^cyliri.der is the area of a-rrectangular ' 
region. ..;The^ iength.of thg ':,rec't^gle!'-,is actually the eircumfer- 
ence of 'the Bylinder,' and the Jwidth .qf the "rectangie!' Is. the ■ . 
. , height of, ..the eylii^dep.. ' The' .f ormula : f.6r-'th^ area of a rectangle is' 

• ' ■ ' ■ A ' ^ ^/ v ' 

for .the, cylind^ry ■ c- .i"/-.-' Tr.d- 'or' ,2%t :. ■ " '"^'''"^ ■ ^'-'J 



"■■ ■ :, . ' and ,■ ^ ; . ' wr h 



^Therefore,' the lateral;. are# of: a cjlinileb ; is^i^he':pro|auct of the ■ 
..•measure' of .the length of. the. base^^ircle ?&nd^the1measiji;-e ,of .^hfe. • ' 
- .height. -. This .4. s coAuuonly written- as: . ■ '' n ■ ■ . ■ 

s ■ ■ ''A'.^, ■^dh , % ■ A*' = 2Vrh. ; 
T'he'-' meabi\re of the total 'area- may be found »by'usin%-"" the f ormula 
commonly written: ' . ■ ^ « . * * 



■■I- 



represents -thg measure of th6 total surface Sf- a- cylinder, 

d^ represents the measure of tls|j diametei) ♦offtThe 'base, ^ ' 
r .. represents, the.measure'of the' radius of thefi^se. . .. : •'. 
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. "'^ . , Exercises 7-^ - .. . ' 'iy^::. 

1. liif ormatlon^; i-s^ given -for three cyiinders..; Using" ^ 3.'!; find 
• • all the inissing. data. * ■ • ■ ' 







Radius 
- of base 


•■ Diamater 
' of "base 


Height 


Total Surf acGL 
.Area (Al;) / 


Volume* 


(,^) ■ 




>. ' • 


' 16 ft. 


.17 ..f:t. 


■ , '•' .-. , <i 






■ ■• - D . -i; -' 


"15 cm. 




' 5t cm. 










■? 


■.■.;f '8 yd. . , 


•l2 /yd.' 


-T-"— — \\ - ^ -. 

' • ?.• ■. \ '. v 


■ . ■ 



; A- silt)^. -(witlni a flat top) is , :.30 j; feet highl and the inside, radius ; 
is ;6 -:;^^^ ; Hc/w. many ;c:ubi6-feet .o't grain^ ^13, it' hold? ■ (What,'^; • 
is its volume?) 'Use ■ TT % 3,l4, - \ . / ^ \ - / r ' 

3. Find the, volume .oif ,a cylihder whbfee height, is 1(5 • cehtimeters" \ . : 
aiid: the* radius of who^e,.bal5e, is v 3 . centimeters • r L^ave your ^ 
answer. |in .terns;- of tt, - .. ■„ ' ■ " ■: ' •* 

^. In Problem '3, whiat would the yiblume be if |;he height were ' . 
doubled (ariqL the base wer"fe left... u^ / ' 

5. .' .what would be-, the . volume if -the radius of the base 



'were dpubled (and the altitude were left unchanged)? • o 
in 'Prbblem 3, what" would be the vol^ume■ if the height were JV: 
doubled .and We radius^of the^^base were^ also'^ d6ubied? .-vl^Th^ 
V of ,f i,r|V the. height and* then' ^oubling' thW l^ddius ofj:, 

... ■ this rieW' cylindrickl solid.) : >; • . - ' ' ' 'v'" ^' i'^ 

7. . A small town had a, large pylihdrical wat^V.^ta^Mjsthat' n # ' 

painting. A gallon of paint covers abpUt' " tod s:qVare fee^ti;. ' V 
'How much paint is -Reeded 'to "cover . the'' whole Aank tf the radiiis ' * ■ 
. . of the. bas^ *^3: , 8 fe.pt and the; height- of- the t^fc^'is 20 ' f eet? . ; 
; Give your answer to the\ne^r.e^t tenth of a gallop. ."^ . 



7-£>. Pyramids •■ , * 

.' Models 8" and 9 are foy, a figure obtained by JoiningVt^ ; 

tices- pf - a polygon to a point\not,'dn the ; plan-e of the polygon^ . thus.; 
•forming triangles. The- pyramid corisistS'-oV the closed triangular , 
' regiohS; and the closed region' of * th^ original pplygoh^ The closed . 

j;egion; Cff, the original polygon is called' the - base of 'the pyramid 
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■and the^ Other- faces its lateral faces .. The point to which the ver- 
tices of the polygon are Joined is called the .apex of the pyramid. 
(Man:^. books call this the vertex of the py^id, but the term apex 
is chosen here since each corner of the polygoH'is also, called a 
vertex.) The edges meeting. at the apex are>called lateral edges . ' 
^For example, in the figure, -'the . 
base is the interior of •quadri- 
lateral ABCD; . the lateral faces 
are the closed regions* of the 
triangles .ABQ, BCQ, CDQ, and. 
■ DAQ; the lateral .edges are ^ AQ / . " 
■BQ, CQ,.,^.DQ; and the apex is Q.- 

.Imagine this '^isegment .drawh^from, the apex perpendicular to the '*' 
plane of^ the base.. This segment .is called the altitude and' the' 
length, of the. altitude is th? height - of the pyramid. ■ * " 

• ^ ^Gertain pyramids are cay,eji reg^]^ ' Tt.be regular-/^ 

a pyramid must meet two condi^ons. / -First/ its base must be the ' 
closed region of a regular .polygon (having congruent sides and . 
congruent angles), and second the foot of the altitude must be the 
center of this regular polygon. Then the lateral edges will all • 
be congruent. , ' ' ' ^ 

■ ' : Exercises - 7-6 
Look at the figure which is ' 
supposed. to show a regular 
pentagonal pyramid 'with apex 
A and altitude"- AQ. '.Since Q 
is the center of the pentagon 
it is the ^ame distance from/ 
S and from .T.'. Suppose, AQ .. 
is ^ 4 inches long and QT 

QS"- are ^ each 3 inches-^ng. 
How can you find the 'lengths .of 
What are these lengths?. 
Do AS \and AT have equal leYigths? 
Is triangle AST isosceles?' 



1 
1. 




,and 
(a) 
(b) 
(c) 
(d) 
(e) 



AS and AT? 



■Can. the reasoning a^ove be used to show that 'all five of 
the lateral edges have the same' length? • . ' 



2. Lo^k aft^n at the flgui^e of Problem 1, with the base.-a^egular 
" ipeic^t agonal region^ but this time suppose you kfioW^ that the lat- 
eral edges all have the^p^ame lengths but do not kiidw where tlie 
fopt .Q oi^ the altl^vide is Ioea«tfed*. ffo be definite, suppose * 
the height of the' prism (i.e. Mength of AQ) i%.12 Inches, *and 
th^^t eadTi'-pi*. the lateral edges'.V AS and AT li ''l3 inches long/ 
(a)' How pan you fin'd t)i^ lengths of ^ and QT? 
. (b) What are these lengths? . ^ 

(c) Are they equal? " , ■■' 

(d) Can thisvreasoning be used to shdw 'that the distances, • 
from Q to -all five vertices bf the poly^h are equal? ^ 

(e) Does this show Q is thFcerrj*^ of the reguls|^polygon?'* 

(f ) Is the pyramid a regular pyramid^ • 

7-7 >■ Volumes of Pyramids ^ " 

To find the voium'e of a pxrajnid, you must ^cdmp|Lre it with some' 

figure whose vo.lume you know. Construct with stiff gaper or cg^d- 

board a regular square pyramid and a rectangular ri^t prism whose, 
^bases are- congruent and whose heights are equal. Fill the pyramid 
iwith salt and pour it into the rectangular prism. 'Do this several 
, times until the rectangular prism is- full. On the. basis of this 

experiment do you agree with the following property? 

Property 5/ ^^sThe vclume of a pyramid v/hose base is cot^ruent 
to ,the rase of the ^prism ati-l whose height is th^^'^me as that of 
.the pi'^isin is one thir l » that of » the prism. . 

Since you know how to find t'he volume of a 'prism thf^s l6ads at 
once to a formula f?^ finding the- volume of any pyramid: 

-.: • ,.■ ■ ■ ""-.^^ 

where B stands for the number of square units of area in the base 
and Yi, the number of linear units, in the height. 

■ v' Exercises- 7-7 j ' " 

1. .Find the ,v6lurr^ of " the pyramids, the measurements of whose^ ^ 
bases and^ heights iare .as follows: . . ' 

(a) 1 area' of base = 12 square inches, height = .7 inches. 

(b) area of base. = idO sq. cm., height; = 2^ cm. . ' * 



2. - A py.rarnl;i has a square base of l| ioQhes on a side and a' ' 
/ height of 4 inches. Find Its volume. ■ ' ' I , 

3. What is the height of a .pyrainld whose volume is 3P^t cu. m'. and 
whose base is a square, 9 m.' on, a Side? , . > . 

The Pyramid of Cheops -In Egypt is .480 ft. high, and its square 
. base lav 7^0 ft. on a side." How many cu. ft. of stone were, used 
/to build it? (Assume that the pyramid Is solid . ) How many, 
cubic yards? - , ■. 

5. Find the total area of -the. regular triangular pyramid/ whose 
lateral edge is 12 Inches. .^ , 

6. The side of .the square. b^se of a. pyramid is doubled. The ' 

.. height of the pyramid 'is halv^. . How is the volume affected?^ 



7-8. ■ Cones ■ ■ ■ .■ 

Anyone who has eaten an ice cream cone has at least a rough 
idea of the figure called a cone, or more strictly a right circu- 
lar cone. Le* -a circle be drawn as shown below, w3/th center C, 
and let ^ be a point not in the plane of the circle' so that ' 
segment VC is perpendicular to this plane. 




If all the segments from V / were dravm to the poifits 'of the circle, 
the union of ^11 these segments, together with the closed circular ' 
^region, forms a rlg:ht circular cone. The. closed circular region is 
called the base of the cone, and the union of the. segments is its 
lateral surface. The point V is called the vertex 'of the cone. 
In the description rip:ht circular cone the. word circular indicates 
that - the .base i s the.-closed i circular region and the" word right 
means that .VC is perpendicular to the plane of the circle. Here 
.only right circular cones will be considered and when the word ^ 
'"cone" is. used it. will mean this type. ' ' , ■ 



• • . .179- • . ■ 

- . . » , ■ # 

. Segment^ VC is call'ed the altitude of the cone, and the length 

of- this segment is the' heigrtt of the cone. If Q is a' point of^ the 

circle, ' what kind of triangle is VG.^ V/hy? if -you know, the heigh| 

of the cone and the radius of its base can you, find the length o-f 

VQ? How? If R. is another point of the. circle, do VQ and VR : • , 

have the s&ne length? Thi? constant distance from vertex V to' the 

•differeht points of the. circle is called the slant height of the 

cone, / . . " * . 

If h .is the number* of linear units in the height of the cone, 

r the number of linear units in the radius, and s 'the number of 

linejar. units in the slant height, write an equation relating h, 

r, and s. If you know any two of these* numbers can you find the - 

third one from this equation? 

. As an example, suppose the radius of the base ofa cone is 

10 in, and the height .is^ 2^ in. V/hat is the slant height of the 

CTDr.^f}?. Did you find the slant height to be 26 in.? 

By experimentation one would be lead to accept the following 

property: ■ • • - * . 



♦ • ?^so^rty. i6. The' volume 'of the interior , of a .cone is one third 
ttLd.z of", a cylinder of the. same height and v/hose base has the same 
radiL^s.. ■ . ^ ' 

^\ * ■ ■ . " ■ - • 

^^ctLi^ou have already learned how to find the volume of a 
cylinder, this leads .a\;' once to the formula for finding |:he volume 
of a cone : ; . • . 



■ • • ■ — w 1 2, ^ ' . . 

jV: "3 

* ■ 2 • • . 

Since irv is actually the number ' of square units B pf area 
in the base, the formula could be written- as ^ ' * 

■ ■ ,. V = i'Bh- ■ , 

This gives the same rule fjjr finding tne volume Of a cone as for a 
pyramid. - . • / 

As'an example, refer back to the cone-- mentioned above v/here * 
the radius, of .the base was 10' inches and the height 2^1. inches. 
Then r .= IQ, h = 2^, so by the .-formula, above . 

■ . ; V = J^7r(lO')^ 2V = 800 TT , , • 

and the..yolume Is 8q6 tt cu. in/ or about 2512 *cu. in. 
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Lateral Area of a. Cone ^ \ ' ' ' " 

- • To find the 'later^ area of a cone, look"^ Model 10. If ' we 
^ake It apart again, tl^^^teral surface goes back Into a- sector 
of, a clrtle as sntfWn in tne- pattern for tne model. ' ' . . 

(Notice that - a sector of ^ circle -. Is ■ bounde,d by two radii 'and a 
part of the circle.) That Is, the, model which looks like tnls 




flattehs out*into*a s^ector of a.ci^le that looks lik^ tnis.. 



9 

♦ ■ 




Z-rrr 



The lateral area of the cone has the same measure as ' the area of 
tne snaded part we are trying to^flnd'. The two points marked Q ■ ' 
in the figure c^me from the same point of tne model. The rest of 
the large circle Is snovm in. dotted llne^ to.nelp you follow the 
reasoning. \. . ' . 

Let- 3 De tne number of units In the slant height of the cone 
and ^r be the number of units ifi'^th.e radius 0$^ "its base. Do the 
markings 6n the figure above on'fee'two segments and the aro show 
the- correct number of units in their lengths? <^y? . 



Now liln a sector of a' c 
page, the ar4^ is r^.elat^d to*? 
between- th^' two points marked 
the ,shaded'>area^ is one .quart e: 
the circ\imf erence Of th'e" circle ^ 
. L stands . for '.the .'nurhber 'of square 
firid thereforsi:- the proportion: ■ ' 



, such as\ we have, on . the previous ; / 
For ".example.,., i'i^ the -arc' '. ,> 
one ', quarter .-of the circle-, then 
.nterior- of. the' circle.'. "^But^: 
■and . it& area ,^is ' , 7r§^^j.v?^fv :. . * 




/if you' multiply 
you find . for L? 




Llexajiiple refer '^^^^^^^^ c one- -'Where -^^ th^' base 

i^f- I'G^^inches -Iw ii-^g};t>:^.?^^^ You recall . ;W^ 

^^"^^*lihe,;^lWitAhai^ght;^ this pr^:^^jn -^e- hayM , . 

■'^ W^^-^ ^^'''^^:7: '^^'^^':= .260' .^r:i.^.-83j6:.,^: \ ^^.^P-: 
and' 1^:,fl^er.a":^-Srea, ik^^^^^^^ Ql6.h. squfere ■"incfe * ^iC^'./ v ■■■'r* ■; ' •' 

■ • \y^^::-:'^rf. ^- z--^'.^:' .. Exerclsjafc ' 7-8 ■■.>•.•:' 'r :-,''-lLy^. .y; • ,\. ■ 



As an 

found: 
then^f 6 



If- ^iT.';. standsy f or the number'' of., square' 'unlta 'iti^Vth^^^ 



•of ^'^e, cone, (counting' jfehe. 'bas.^). write^ a^'fofr^lW^-'io^^ -J 



terms ; of ..^ r 'fed. . ,/ • ■ • a-;^ . 
" The, .slant he^^^ ftf a Aone is -12 



3 ^'t.^- Find its .later^ area'.aod its.- t6tlC^t'^a;.,in terms'' of ir. 
A cone':>has *a\height of . 12 ft; ;a^ its 'g. 



and: 



^■r^<lifl;s of Its U^se^" 



3. 



j^t. is 15 ft.', . 

Find :^the radius-y -. t latera^.- ,a:^%ay.'-the\^^ .1^;*::. 
The radius 6f ffche."., ba"Se. of^- .c^^l' is ■ 15 ' inched ahd^ho. volume is 



2700 cul?ic inches. - Find itS' 



area* 




slar;j?t.jh^ight, ,^nd Idt'eral 



|V'- , . -Summary . oT '- Propertles ' ■, - ' . ' 'I' v^i! 

PropertylL '•^ If ' a line, is perpenMcular ;to. two distinct Inter^pcty ^-^^'^ 
. Ing linfelfin a' pfane. It- is' ■per^peridicular to trie plane. ' . 

. opef ty-^ 2;. .'••Th€' shBrfcest segment 'fi^fim':^, point , Q_ outside a plarie v'';v:''- 
. r, to 'the/piane . r i^-'.the -segmeht perpendicular -t^ that , plah.e.Vv '•. '/Hi 
Property j. 'Wf^two plan eg. .are' parallel tri'e dlstand^,s ■(:perpendic'4., V ^ 
ular) ifnc)m i^if.f|r^nt po.iEits\of one plane "to the. others plane are all'^- 
the-same.'y. .. ^ ;^>, / /; ' :\ -V' ^'^^^SJ'' 

jProper^.y ^^j.^, two' prisms hd?v£, congruent -b^ses .'l^d eqCl .rieight,^;V:-#|/ 
they have .equal vol gjnes; ■ ' 'v.', v '. ^ C^'^'^'y ■'j^/ 

; Property 'hie vj^ume o;f' a;py.f^id is\one-tHird tl^at' ■of;;a'p^ 

■ v/hose^ base;,i's ' cbngi?u^.t lo^, |;he baVe . of the prl}sm &nd\hose'v&§ jght://* 
..is- the -s^me, 'as 'tl^^_ -of . tj^ -prism. ^^V^: =, i'^Sh,;^ B";#tan^^^ ■ '^'^ 

■ for the'-rtum-bre-r'ar square^unit^ W "a-r<-'j^-:' ih .''^.e' base : and th-^,V ■'' «V 
vnumber:orA'i¥ieM^'^'uri^. in-.the.;he,^^^ l ' ' ' ' .,; *v "'*'-\;^-^ W 
•yProperty^.'y Thl*- -vofum^of • thelntelZ-'id/);,, offa 'cone' i^-'ilhe^j^bi^^^ 

•thaf of a- cylinder .of the- same •j5eighti-,^n4Wl36s|"^^^^^ ' V'.'' . 

radius, ^(W^'IV^ni'^^^l^ ^fi^ ■'X^':^^'^^-- 
Property' 7:.. "if ''the -ial a.rjg^rp#Jn/ 



3 base . r units, nb)rt)©i^^ 



units and thp i^^d^U^' • ^-t s 

square unit's; in-i^s, latemL area 'is givejHfifW't'te 

. . -Notice tha^' in' %he ^^?^ls '^e 'exact ; measuiTeVenlf^^ are not ..t^a/ 
measurement s .vindicated - -^^^ are merei^ drawn ;tlTs>4i > ' 



Cir- 
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■ Model .1: ~. Inch - Cube 



Model 2 - Half Cubic Inch ( not half Inch cube) - 



Model 3 - Half-ln<ih cube. 



I8h 
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Model 5 - Right 'rr|^trf|ili^^ ' ■ • ■f , ■ • ; : ' . ' ■ 

. \ P (Base Is-I-hte^^^^^ a Right TrJ.angle) , ■■ ' ; 

Wake an^xtra, cbpy.;a|^t|e.:b^^ use_ for' the other .base, . bat use 

only one "tab so -the'^op ■cai;^;/^^^^^ ' ■ 



■ ■• , ■ ■ , ■ • ■ '' IBS /■ ■; ... ; . .. ' . - :. \ ' ' 

Model 6. - RighV eircai^r Cy^^ . .■' . . '. 

Jt, w_;i4 be easier to^draw- the . clrcular ;bases ..iith' your own 'compass' 
using the .radius of. the circle .below rather /than trying to ' trace 
^the^plrele ag. shown/ Make two copies of the circle, since there" ' 
.are two-bases. ■ . Attach the .low^r 'base •firmly, .(with- tape), but ' 
.•attachjhe top base -only at'one point so it.Acan be .readily opehed''.' 
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Model 10 - :Right Circular Cone ^ ' 

It will be better to .draw thes^ circles with your own compass 
using the radii of the circles drawn rather than trying tg trace 
them. The radius of the small circle ^is suppjD^ed to be the same as 
in Model 6. ' 
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Chapter 8 . 
CIRCLES 'AND SPHERES 
Interiors and Intersections 




'B 




•The circle with center P .and radius r units is the set of 
all points in a plane at a dist'ance r from P. 

A circle is a simple closed curve and thus has an interior, 
and an exterior. In the drawing at 
the right, the interior is the set 
of all' points at distance less than 
r units from P. The exterior\ is 
the set of all points at distance 
greater than r units ^from P; 
Point A is in the interior and 
Point B is in the exterior of 
circle P. 

The drawing at the right shows 
a ray PQ with end-point on P, 
the. center of the circle. How many 
points of the circle are on the 
ray PQ? How many points of the 
circle are on the ray QP? 

How would you describe , the location of the additional . point 
(determined by ■ QP which is not on PQ? . 

The interior of a simple closed 
curve is called a^^'clqsed region." 
the drawing at 'the right the interior 
of the circle is^the shaded region, 
The-union of a circle and its interior 
is called a circular closed region . * y 

The union of •> a circle and its interior is the set of all points 
whose distance from the center P. is either the ^Sune.as or less 
than the radius, of the circle. What is the intersection of a circle 
and its interior? No point of the circle also lifei^ in -the -[.interior 
of the circle. This intersection^ is the empt^Sr $et. ^ * 

Let Y represent the union of circle ./P.' and its interior. 
Q is a point on the circle. Note that " Y H: PQ is' quite different 
from the intersection of circle P and PQ* " / 



/ 
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i Exeipclses 8-1 

. In the following exerclses^'vdraw the figures: 
•Let C be a circle with center at* P and' radius., r units. 
Let S be any other point In the same plane 

(a) How many points belong to the Intersection 6f the 
circle C and the ra^ PS? 

(b) How many points belong to the set C fl ^? 

(c) . Do your .answers to (a) and (b) depend upon where 

you chose thp point S?. ^ . 

(d) How many points belong- l/o hcie set -^.fl PS? Does this _ . 
- answer depTsfid on the choice of ST If so, how? 

In a" plane, can there;'be two circles whose Intersection con- 
slsts of Just one poi^nj:? ' ] 

Choose two points anjd label them P and Draw two" circles 

with center at P i^uch that Q Is In thd exterior of one 
' clrcUe and in the Interior of the other. Label the first- 
circle C and the second circle' D. 

Choose two distinct points P and Q. Draw the circle with 
center at P and with the segment PQ as a radius. Then 
draw the circle with center at Q and with P on the o^rcle. 
(aj What Is the Intersection* of these two clrcljes? ^ 

(b) Can you draw a line which passes through every point of 
the ''intersection of the two circles? Can you draw more 
tha|i one such line? * Why? 

(c) In your picture shade the Intersectlo^^^f ,the Interiors 
of the two circles. (If you have a colored pencil.. handy, 
use It for shading; If you" do not, use your ordinary 

* pencil. and shade lightly.) ^ 
(dj (In this part, use a different type of shading or. If you 
have one handy, use a pencil of a different color.) Shade 
the Intersection of the Interior of the circle 'whose center 
is P and the exterior of the clrcJLe whose center Is ' Q. 
(Before doing the .shading of the Intersectldh, you may 
find It helpful to mark separately the two sets whose ^ 
Intersection Is desired.) , 

(e) .'Make another copy of the picture Showing the two circles, 

and .on It shade; the union of the Interiors of the two 
circles. . . ■ - ^ . . 

• .. . ■ '1.95 
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5. The two circles shown at the . 
right lie in the same plane and 
have^the 'same center, P. Circles 

X having the same center are called 
concentric circles. ^ 

(a) Describe the intersection of 
^circle - A and circle B. 

(b) Give a word description of the shaded region/ 
words as ''intersection," "exterior," and so on.. 

6. In the drawing, at the right, 
the cehter of each circle lies 

r on the other circle. Copy the 
figure on your- paper. Shade 
the union 'of the exteriors of 
the two circles. 




such 




8-2. ; Diameters and Tangents 

A diameter of a cirale is a line segment which contains the 
center, of tHe 'circle and- whose end-points lie on the circle. In the 
drawing shown at the right, three 

diameters are shown: AB, MN, and ' - ^> 
W. A diameter is* the loiSgest line 
segment which is contained , in a cir- ' 
cular closed region. The length of 
any diameter of a circle is also 
referred to as the diameter, of the 
circle. , . 

A diaineter may also be described as the union of two different 
radii which are segments of the same line. ' Using any unit of length, 
if we let .r 'and d be the measur^es of the ijadius and the diameter' 
of a circle respectively, we have these impcj/i^tant relationships: 

■ ' i d = 2r and r 




A tangent to a circle is a line that Intersects the circle In 

«— > - 

exactly one^polnt. In the drawing DE is tangent to circle P. • 
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The single point of. their inter- 
^ section is T/ It is called the 
point of tangencV i. A tangent to 
a circle cannot contain a point 
. of the interior of the circle. ^ 





Exercises 8-2 
tangents do you ^f in^ in each of the following? 




2i Find the diameters for each of the circles where the distance 
from th^ center of the circle to a point on the circle isjas 
follows: 

(a) 6 in. (c) 17 cm. 

(b) 3 m. ' (d) 5 ft. 
3. Draw a circle C with center at the point P. 

diameters of C. Draw a»ciT?cle with'center at 
radius is equal to the diameter of C. 
^. With compass and straight edge 
copy the drawing shown at, the 
right. Note that the sides of 
the hexagon and the radius are 
congruent. * - . 



(e) 3^ ft. 

Draw three 
P ' whose 
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8-3. Arcs 



This' 





A i)oj.nt on a line separates the line into^ two hajLf lines, 
is not ,tru^ for ^injble closed -curves. ; 
In the drawing at /the right, starting 
at *Q £ind moving in a clockwise direc- 
tion along the 'circle, we return to Q» ' 
-The* same is true if we move in^a counter 
clockwise directiiohi ^ 

In the figure at the right, the > 
tv<) points, X and Y, separate the 
cirple Into two parts. One of the 
parts Contains the point A.. The 
'^.oth^er pai^t contains B. No path from 
X to Y ' along the circle can -avoid 
at least' one of .the .points, A and 

'Thus; we see it. takes two different/^ 
points to separate a cj^rcle into two > ' 

distinct' parts*^/^ * 

Note in t^e above /drawing that while. Point 
and. Y",. point B is- also between X- and 

■'Other-; simple closed curves,^' we observe : " ' • " < 

(1) 'a single point does np,t separate. the cui*ve into two parts. 

(2) Sel^aration and betweenne'ss are not closely relate'd notions 
for simple closed- curves; ^ 

C..A part, of a 'circle is called sin, arc.''' In the^ drawing at the 
right)'Vpoints A an^i B separate //V 
^ the circle into two . arcs. '. Each -of: 
these arcs ,haye points A*^' and B 
as end ppints. ' "Aie arc includes 
its^e'ndpoints-i The arc, starting ^ * 
at A and moving clockwise to B. v 
is shorter than the arc starting at A and moving ^counter- 
clockwise t'o B. 

. The symbol represents the word "arc." With'only two 

pbints on'a circle it is difficult to identify one ^ of the two arcs 



Is betwjsen 
Y. Foi^ circled, 'or 



'X 




determined by A \ and B, ^ . 
Usually -a third point is marked 
and labeled between the two 
poinlfts. AT© (©r ' BMA) repre- 
^sents the arc containing point 'M, 



2. 



3. 



5. 




Exercises'^ -S 
In the cirawing 'X)n the .right, 
identify the shortest arc 
' containing the following v, ^ 

points^ where 'the points are ^""^ \ ( 

not endpoints of the arc. - ' p1 . io 

(a) A 7 ^ (d) R 
-'(b)^ B V (e) X 

• (c>. G " Cf) Y 

What are the endpoinjbs, f or these arcs from the drawing in 
Problem ',1? 

^ (a) ';AYB. ; • (o) A^ - ^- (e) WRA 

(b) a5^' ^ I (d) YWC^ . , ^ (f) BAG 
, In answering the previous questiorfT) was it necessary to see 

the drawing? Explaii^. ^ . ' ^ 

Use the drawing 'at the right 
-v-in; answering the following; - 

(a) Point L *• separates CLH 
into two arc s^. Name th^se 
two arcs*. * 

(b) Does point L separate 
. the cj.rcle into two a-rcs? 

Explain "why, or why not, ■ ■ 
U^e your answers in Problem 4, above, . toAanswer the- following: 

(a) Does a point on an arc separate the arc ^into two arcs? ' 

(b) On an arc, must a point, -^which is not an endpoini: of the 
arc, be between two points the a^? " | 

(c) Does an arc have a "-starting" ^o^nt an^ a "Stopping'' 
point?- If so, what are theyicalled? ^ 

(d) For an arc, are the notions of ^betweeaness and separation 
-more like those, of a line segmejit or o^ a cirQle? 
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8--^. Central Angles^ n^ * » ' - ' 

Arcs have some properties 'similar to properties of line seg- 
ments. At the right note the ■ ' • , 

natural one-to-one corres]f)ond^ence 

betvfeen the set of points of ' AMB ■ 

and the set of points of FG. On* 
•a line segment, a po^nt, not an, 

endpoint, separates the segment 

into two.pajcts. Similarly, an arc 

is separated in€;0 tWo arcs by a 

point which is not an endpoint of 

the arc.' As with a segment an arc 

has endpoints.,' * 
In ±he .drawing at the-ri^ght, 

the endpoints of a diameter ara. A 

and B. These ppints. determine two 

special arcs called semi-circles . 

In 'the drawing, AVE is a semi- 
circle. ■ . r - , 

/ . 

Thqpendpoints of "a semi-c'^.rcl.e an-d the centel? of the circle, 
are on^ a straight line*\ For^ other arcs this is -not true as shown 
at the right.- The center . P is ,. 
not oh the straight line passing 
through the endpoints of DXE. 
Rays PD and' -PE -determine a 
central anple . A*central aiigle is 
an angle having its vert'ex at the 
'center of a circle. Such angles 
are measured/ in the same way as . . ' . 

7^ /other angles. * - ■ . 

To measure arts we lise a unit -called one decree of arc . We 
t^iink of a circle divided into 360* congru,ent arcs. Each such arc 
determines' a unit of arc me^i^re.' Rays^^rom the center of a 'circle 
passing through the endpoints of such an arc detej^mine a central 
angle • ■ One degree of arc is determined by. a central angle which is 
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a unit angle of one degree. In 
the figure, at thife right. If 'the 
measure. of in degrees of 

arc is 8o, thdn the measure of 
^k?B in angle degrees is 80, * / 
The -symbol for a degree of arc, 
"o"^ Is the .same as that for the 
angle degree. ' \ • , ■ - . * 

In the figure at the -right are 
two^ circles having a .common • center, 
P. The circles are in the same' 
plane. Such , circles we .have called ' 
concentric circles^ The tiVo arcs, 
ARB and ESD have tji^- same central 
ang])e., Z GPH. TheI^efx)re, ARB • ^nd 
ESD must have the same arc mea.sure. 
If the angle measure of / BPA • is 
70; then the arc measure of- AR^ ' is ' ' 
.70. The arc ^measure of Esb must 

also be 70. However, ARB' appears shorter than ESD. Remember 
that arc measure is not a measure of length.' Two. arcs may ha^^e 
the s^me arc degree measure but have different lengths. The 
reason will be more apparent after you have stu*died the remainder 
of this chapter." * . p 

. ■ Exercises 8f^4 

Construct 'a circle with rad\us approximately 1~ inches. In 
this exercise mark off the points in* a ci)unter-clockwise path 
around the circle after starting anywhere on the circle 
with A. Mark off and label arcs with the following measures 

(a) m(AB) =10 . (d) m(DP) =170 

(b) m{AC) = .^5 (e) What^ is m(BC) ? ' 

(c) - rT!(Bb) = 50 " 

(a) How many arc degrees are in a quarter of a circle? 

(b) ^ Hdw many arc degrees are in one-eighth of a circle? 

(c) How many arc degrees are in' one-sixth of a circle? 
.(d) How many arc degrees are in three-fourths of ^ circle?' 



1. 



2. 
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3. Refer to the arc ABCDEF, or more brief Ijm AF, shown in the 
drawing below. Determine the following: ^ 

D. E 

C ^ ■ 

B 




5. 



(a) AC n BD 

(b) Ap'n ro^ " ' {^) dfPi'ae'' / 

(c) ADp^CF ^ ^ I / 

Circle A haa^ a radivis of 5 inches. Circl^^ B has a radius 
of 25 inches. Explain why the arc measure|,of one-foul?th of • 

circle A is the.-same as the arc measure ol| -one-fourth/of 

circle B, 'I. 
Demonstrate a one-to-one correspondence betV/een the sets of 
points on the two semicircles of a given ci|:'cle which aV»e 
determined by la diameter. 




8-5, Circumference oTCJircles 

It is difficult to measure the/ circumference of a circle 
accurately. The circumference of a circle is ,the length of the 
simple closed curve which we call a circle. : Experimentation with 
circular objects will ' reveal .that the circumference is. a little 
more than three times the diameter of the circle. 

Mathematicians have proved that, for ^ny circle, the ratio of 
the measure of the circumference to the meitsurd of the diameter is 
always the same numberT^^^^'^e special symbol ^'tt" represents this^ 
ratio. The* symbol' is read "pi" and is the first letter in the 
Greek word for "perimeter." In mathematical language this rel4tion 
is written as follows; 



1- 



or 



/C = TT d. 
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Exercises 8-5 

1. Find the missing information about^ ^he circles described. 
(Use TT ^ 3.1^) . ■ 
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- Circle 


Radius 


. Diameter ' 


Circumference 


(a) 


C 


. 3.6 yd^l 


9 


9 
'■\ 


(b) 




^.2 cm. 


.9 


9 


(c) 


E 


9 


5.6 in. 


9 


(d) 




? ' 




'-22 


Ce) 


z 


9 


9 


88 



2. Sometimes it is a good Idea to, use tt as a numeral, instead of 
using a decimal for ' tt. Answer the following question using 
^ TT as a numeral. We $ay/the answer is expressed "in-terms of 

If Ihe length of a circle is 5^ tt in., what is its diahieter? 

Its radius? ' ^ - • 

0. A circle with a diameter of 20 inches is separated by points 

into 8 arcs, of equal length. , " 

, (a) What isvtheMength of the whole circle? 
, ■ (b) What 'is the length of each arc? • 

(c) What is t^e arc measure of each ^rc? 

. (d) On this circle, how long is an arc of one degree? 

" \ . ■ 

The Number 'tt' -V- \ 

, ^ ■ . 

The humber re^presented by the symbol "tt" is^a new kind ot 

number^. It id not a whole number/ Neither is it a rational num- 
ber. Recall that any decimal expansion pr'a rational number is 'a 
repeating decimal., Mathematicians havg proved that tt cannot be a 
repeating decimal. In an article by F. Genuys £n Chiffres I (I958), 
a d-ecfmal expression for tt to^ 10,000 decimal places was published. 

Kerens the .decimal for tt to fi'fty-five places. , * 

3.1^159 2653^ 89793 23846 26433 83279 50288 4i9ji 69399 36510; , 
58209... ' ' . . 

(The three. dots at the end indicate that the decimal expres- 
sion cahtinues indefinitely.) 
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8-6. /Vrea of a Circle - 

. When speaking about a\ circle in everydayjlagguage, *we usually, 
use the phrase "the area of. a circle" ^hen we^iriean "the are^ of the 
closed circular region,." 

• ''in the drawing, the poini 
is the center of the circle , and - 

- also ^the'' center of the square /ABEF. 
Let the measure of a radius ,of the. ' 
circle ^be r. Then [the segments VP , 
and PZ are radii, with measure r.. , 
An^le VPZ is a 'right angle.. The^ 
area of the square is four times, as^ 
large as the area of sqCiare VAZt. 

Note that tlie area of the^ circle is less than that .of square-. ABEF. 
Similarly,, it is less than the. area of four squdres such as VAZP. 

- ifie ar^a of the circle is a little more than three times as great 
as the area of VAZP, Compare- the a^^ea of the circle with^hes. area 
of the^ square ABEF.. * " * / 

Mathematici-ans* have proved that fdlr any circle, the area^bf 
the circle i's a little "more* /than three times th^e measur^ of tire 
radius multipMed by itself. In mathematic;al language, 

' v A = TT r* . • 

is the number of .units "of area and r *^ is the measure of 



' where A 



^ ^ in. ,01* |- in.') "lay found as follows 




the radius. Th^ area of "jrnine-inch circle (having a radius of 



3 ^) 



A 

A/ 
A 



= ■ IT 



'rf: ; (Using tt % 



22 a . 2. 

7 • 2 2- 



or 



63 



18 

2F 
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' Ex^ercises . 8-6 • 

Find ,the, area of each circle for which .the radius is givfen. - 
(.Use > hl^ ' 

(a)- 8 ft. ■ (b) 10 ird. (c) 15 cm. 
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Find all the missing data. Use 3.1 as an approximation' to v.. 





Circle 


Radius 


Diameter 


Circumference 


Area 


(a) 


A 


^ ft. 










C 




20 ft. 






(c) 


D 






100 mi. 





\ 



Which has the greater frying surface--an eigh|:-inch circular 
5klllet or a seven-inch square frying-pan? {\ ^ 3*1^) 
A rectangular plot of land, ^0 
feet by 30 feet, is jnos^^ly. lawn. 
The circular flower-bed has a 
radius of 7 feet. What is the 
area of the portion of the plot 
that is planted in grass? ] . * 
The figure represents a sample 
closed curve composed of ,an arc 
of a circle and a. diameter of 

the circle. TRe area of the * 

interior of this simple closed curve, measuj^ed in square * 
inches, is 8 tt. *Do not use any approximation for tt in 
this problem. 

(a) What is the ajpea pf, the interior of the entire circle? 

(b) What is the second ^ower of the radiuS' of the circle? 
(d) How long rs 'a radius of the circle'? 

(d) HcJw long is the straight portion of the closed, curve , 
represe;nted in the figiire? ■ 'V - 

(e) What is the circurrfiTerence -of the (entire) circle? ' 

(f) How long is the circular arc represented in the figure?* 

(g) "What is the total length of the simple closed curve? 

The earth- is about 1^30 million kilometers from the sun. The 
orbit (or path) of the earth around the sun is not really cir- 
cular, but approximately ^o. ^Suppose that, the orbit wex'e a. 
circie; then the' path would lie in a Diane and there would be 
an interior of the orbit (in the plane)*. What would be an 
es'timate for the area of this interior? 

/ 

\ '~7^ 
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8-7* The Sphere • - * ' / • ^ 

What is Suggested by' "a. set of points in space whose distances 
from a particular point are all the same?" - This set of potpts » 
would be more! than, a circle. It would be a surface, lik^ the' sur- 
face of a ball. Such a surface is called a sphere . The .point frOm 
which the distances are^ measured is called the center of the sphere. 

Many objects are spherical, i.e., have the shape of a sphere; 
rubber balls, used as toys; ball bearings, important to industry; 
th« earth, which is far from being a perfect sphere. 

Note, that it is the surface that is called a sphere. On a _ 
ball, only that portion that could be painted represents. the sur- 
face. ' « ' 

Let us consider the set of all lines which intersect a sphere 
in two distinct points (pass through a sphere.) Each such line con- 
tains a line segment .whose end-points lie on the sphere. Are all 
such segments congruent? No, but one particular subset' of this set 
consists of cong^u^nt segments, the set of line segments passing 
through the center of, the sphere. A line segment whpse end-points 
lie on the sphere jWhd which pa^^^ses through the center is^ called a 
diameter . t \' 

Sxercises 8-7 - 

1. (a) Suppose al^ the points of a sphere are a distance V from 

the center,' C, of the sphere. How can you describe /"the' 
set of points such that all points are located* a distance 
. less than v from C-2 ^ * - 

(•b) How can you describe the set of points such th^t 111 

points are located- a distance greater .than v fr«m. C? 

2. In sect-ion 8-1 of this chapter, the interior of a circle was 
defined to be all. points of a set, including the center itself, 
whose distance from the center is less than .the radius. 

a) Using the above definition as an example, .define the 
interior of a sphere.. ^ " , 

(b) * Similarly, define the exterior, of a sphere. * 

(c) Similarly, define a sphere. 
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8-8, Great and Small Circles of a- Sphere 

^Th^ .line passing through .the poles of the earth , is called the 
axis of th^ earth. This is approximately the line about which the 
earth revolves. Accepting the surface of the 'earth as a sphere, 
the diameter contained irr* the axis intersects the sphere at the. 
North and South Poles. The points represented by these poles are 
"directly opiposite" each other. Each diameter of the earth will 
•contain two. such points called antipodal -pointa . The Norl^h Pole 
represents a point which is the antipode of a point represented, 
by the South Pole. ^ 

, ' We clan connect any point, P, of a sphere with the center of 
the- sphere. A line passing ^through these two points will intersect 
th.e Sphere in a third ppint, the antipode of point P.. 

In the drawing at the right, 
assume that the horizontal planes 
just touch the sphere at the ends ' 
of the vertical axis shown. Such 
planes, intersecting a sphere at' 
one point are said to t>e tangent 
to the sphere. An infinite number 
of such iDlanes exist. • 

If we lower the top^ horizontal 
plane as shown in the drawing at . 

the right, the intersection of the 

^ " ' ' ' -J * * 

plane and the sphere will be a 

pircle. These circles will vary in 
length. One "such circle, determined 
by the plane p^^sing through the 
center of ^ the sphere, has a circum- 
ference greater than, the others. 
On* the earth we call this circle the 

equator . Many such circles may be determined, however, by otHer 
planes intersecting the sphere and passing through the center of 
the sphere. Such circles are called great . circles, and the other 
circles are called small circleg^ . We have, therefore', this 
, definition: ^ . 
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Definition : ^reat " circle on a sphere is any intersection of 
the . sphere with -a plane; through the center of thB sphere. 

Definition : All Qlrcles -on' a sphere which are not great 
circles are called small circles . ' ' 

All g]^eat circles, on .a sphere tiave the same length since their 
radii arg equal to the radius of the sphere: The length of every 
great circle on a sphe'r^is greater than the length of any small 
.circle on that sphere..' ' . , ^ , ^ 

Again, think. of tlie'.- earth as a sphersi.- We can imagine many 
' great circles of 'thi^- sphere .» A ' ' i 

■particular set of great .cirgles of 
the^arth is.' the set whose members 
passSiJirbugh the North and South 
1 Poles. M^TjfTsider. half of sucK a 
great circle. ^ dn the earth, half' 
of a great circle, with the poles 
as end-points, is called a meridian ; 
We sometimes use" the term "semi- ■ 
circle" in talk^ing abput half of a 
circle. ' 

The "small circles v/hose planes are parallel to the plane of 
the equator are calJ.ed parallels of latitude . These circles ha^e 
their centers on the axi^ of the earth and their planes- perpendicular 
to the axis of the earth. , ■ * ^ 

Meridians and parallels of latitude will be. discussed more 
carefully later. At . that time we shall discuss how points on the 
surface of the earth can be located by means of these great and 
small circles. / 
in a pl,ane, the shortest distance between two points is along 
^ straight line. On. a sphere this is not true, although it may 
appear to be true when you think, of two points rat'hervclose together 
^° on the earth. A plane, flying from New York to San Francisco 
follows the curvature of the earth. On a sphere,' it turns out to 
be true that. the shortest distance between any two points is ^ path 
'along a great cl^rcle that passes through the >two| poi^nts. (You may 
have heard of "the' great circle route" for airplanes and ships.) 
However, .by u&ing a string stretched around a globe you may test 
this statement. * ' ' . , ' J 

20r ■ 
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Exercises 8-8 - . ». 

You may find It helpful to use globe representing the earth 
or a large ball on which drawing^ can be made' in , answering the 
following questions., ' '\ 



1. 



(a 



2. (a 

(b 

(c 

3. ' (a 

(b 

K' (a 

Cb 

(c 



Is there an antipode of any given point on a sphere? ^ , 
Ig there more than one a.ntipode of any giyen- point on a 
sphere? ^ • 

How many great circles pass through a given point,' such 
as^-the North Pole, of a sphere? ' . - 
How many small circles pass ^through a given point of a 
sphere? ' 

Can a srfiall circle pass through a pair of antipodal ^ 
points on a- sphere? Explain. ^ * 

On a sphere, does every small circle intersect every v_ 
other small circle? Explain. ' . ^ * 

On a sph-ere, does eyery great circle intersect every * 
other gre^t circle? Explain. • 
In how many points does each meridian cut the equator? 
Explain. . " 

In how many points does, each meridian' -cul;; each parallel 
of ?.atitude? % 

Does a parallel of latitude intersect any other parallel 
of latitude? Explain. - - -v. 



8-9. Properties of Great Circles .-^ ^ ' • ' 

^ For short trips,' i.e. ^keeping within the boundaries of one of 
the states of the United States, an ordinary road map may be used 
as a guide,)- For trips, between cities it is relatively easy to 
select a shortest route. For ocean travel, however, a road map is 
of little use. A globe would be more helpful. 

To understand travel on the globe better, let us review some 
fundamental properties of spheres. 

f^roperty 1. Every pair of distinct^ c^eat circles intersect 
in two antipodal points. . ^ 
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This property is easiijr proved as follows: 

(1) Eve;i?y. great (Jircie pf a sphere -lies 
on a plane through;' the cente]? of 
the sphere. ' ' / • 

(2) Al-3^ planes containing a great 
circle have the center in common, 
and thus any .'two such planfes must 

. , intersect. 

(3) ' The intersection set of any two intersecting planes is^ a line. 

(4) '^'-is line intersects the " sphere in two antipodal points since-' 
the line passes through the center. 

(5) Thus, these , antipodal points are tpe points of Intersection of 
the two great cii^cles on the two planes. 

We will use this property in discussing distances between points twa 
a sphere, ^ r 

, In the previous section We stated that the shortest distance 
on the surf acre of a sphere between any two points on., the^.^sphere is 
measured along the path ^of a great circle, -in the study' of ''georpe try 
in high » School jTiathematics this statement -is proved. We will not do 
so now. . * ' " ^ / ' 

Suppose you are to travel fr^om the North Pole to the South 'Pole, 
You. should be able to find many possible "shortest" routes. Each • 
meridian is a possible route. If* we think of the earth as a sphere, 
the mef^idians are congruent. Thus, it does not matter which 
meridian is selected as your route. For any two antipodes, then,.* 
all great circle paths for the sphere being cojpgruent, there are. any 
number of paths one can take. 

n Biit,' what if the two poiats are not antipodes? How many pos- 
*sible paths along great circle route are there? There are only . 
two possible great circle paths between two such point's and both lie 
on the same great circle. This is the next important property. 

■: / Property 2. Through any two points of a sphereV,. which are not 
antipodes, there is exactly one gr^at , circle. . <: 
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(3) 

(^) 
(5) 



We can pr.ove- this property as follows: 

(1) Think, of any two -points, A and B, 
oh a sphere which are not antipodes, 

(2) S;Lnce A and B are not antipodes, 
a line through A and the center of 
the sphere C- cannot pass through * 

, B. (Similarly, BC . does not contain A)* 

Through the three points. A, B, and C there can pass 
exactly one plane, because these three points, are not con- 
tained in one line.' . 

The one plane contair^ng__ A, B, "and CJ, contains only one 
great circle, with center at^ C. "" . ' 

This great circle is thus the only great circle passing 
through A . and B, ' ' 

This property tells us that if two points on the sphere are 
not antipodes, there is exactly one shortest route between these 
two points. Of course, there are two 
directions one can travel along a great 
circle containing A and, B. In the 
drawing at the right we see that one 
route, • ADB, would pass ^through D, 
the other, ACB, through, C. Since . 
A and B are not antipodes, one route 
must be shorter than the other. VJe naturally choose the one v/hich 
is shortet*. Can you .pick the shortest route in the drawirvg? 

From the point of viev; of shortest distance,,^ the 'great circles 

I,' 

on a sphere behave like straight lines on a plane. Vie have shpwn 
also that through any two points there,: is Just one great circle * 
unless the points are .antipodal. But great circles on a sphere do 
not behave like straight lines in^all respects for any two greats 
circles intersect in two points. There are no psirallel ^great 
circles on a sphere. • 

Exercises 8 




Use a globe and length of string and a ruler to answer 
questions 1-3. > ■ ■ , 
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Locate Nome, Alaska and Stocl^Siolm* ^weden on the globe, 

(a) Place one end-point of the string on the location of , Nome. 
Place the str^n^ o^i a northern path., j^assing through the 
North Pole, Continue until you reach Stockholm; Care- 
fully mark on the string- a point wMch fall^ on the loca- 
tion of Stockholm, lA/hat is trie distance on the globe in 
inches from Nome to Stbckholm^as represented by the se*fe- 

. ment marked on the string? ' - . / ' 

(b) Using a string and ruler, .what; is. the distance from Nome.^ 
to Stockholm along a route directly east from Nonije? 

(c) From your results a^ovej/what • is the shorter dis'tance 
between the two points represiented- by Nome, and 'Stockholm, ^ 
a .path following ^a great circle; "or a path, followici'g a 
small circle on-the'lin'e of -latiti^de? 

(a) What is the distance from'^ome, Alaska to Rome, Italy along' 
a great circle route whj-ch passes*^h'rough a point ^near the 

- North Pole? ^ \ ' . - 

(b) What is the distance, from Nome to Rome along a south-' 
easterly course passing. through the youthen) tip of Hudson 
Bay, .and through a point on the border, between Spain and 

France? \ * " ^ ' ' ' ^ ^ ^ 

(c) How do your results in (a).' and (.bj[ compare? ' 

A merchant living in Singapore, Malaya, plans to take^ non-stop 
flight ^to Quito, Ecuador. V/hat is the best route between these 
two points?-, 

Explaln^hy going due north would be the shortest^. alth9Ugh, not 
necessarily the safest or best, route in traveling to a point 
on the earth directly north of your starting point, - 

(a) Explain why going due east is not alv/ays. j:he most 
efficient way of getting to a point directly to the east. 

(b) When* is a route due east or "west always the most efficient? 
Given three points on"a sphere. Can a circle on the sphere • 
(small or great) be drawn through all three pointfe? 
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BRAINBUSTER: A hunter set out walking due south from his camp;; 
He walked for about >P#o hours without* seeing any g-ame. Then he 
walked 12 mil^s due ^east. At' this point he . s^w a TDear which 
he sliot. To return to camp he traveled directly north. . What 
color was the bear? (Note: ' this* proMem' does have an answer.) 






8-10. Locating Points on the Surface of the Earth . 

These are/parallel plapjes slicing 
the earth, in hforizontal sections aSy 
shown at the f'ight. The top plane Is 
tangent to the North Pole, and the 
bottom. plane is tangent to the South- 
Pole, The intersection of each of the 
reihaining planes and the earth is a 
circ,le# . The circles determined by ' 
these pl^es are all small circles 
except for thie equator, which is a 
great circle. All such circles are 
called parallels of latitude . They are called . "paralle'Xs" because 
they are determined by plants parallel to the plane passing through 
the equatof*, . ' - • * 

The second' set of curves consists of the meridians. Recall . 
that meridians are halves of great circles such that the half- 
circles hav6 the poles as end-points, .Thus, eacrh great circle 
through XMe poles consists 9s: two meridians. Each meridian has a 
diameter, the axis of the ear;th. ' - 

Let A be some point on the 
sphere as shown at the right. : 
There is exactly one plane through 
A, perpendicular to the axis df. 
the earth. This plane contains the 
parallel of latitude through A, 
There is exactly one meridian ' 
through A because the point A \ 
and the. North Pole ^ (or South Pole) 
determine one great circle. Since 
that ^reat circle passes through th^^ 
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poles,' the arc of the great circle cpntaining A is a*" meridian. 
Thus, through each point Qf a sphere, except the poles, there is. 
exactly one parallel of latitude and one meridian. 

The zero meridian for the earth has 'been "^i^ignated as the - 
meridian which passes through a certain*. loca,tion in Greenwich 
(pronounced Gren - ich), England, near London, We sometimes refer 
to this meridian as the Greenwich meridian, even though the meridi^ 
itself passes through one. particular point of the town. The 
meridian at Greenwich is sometimes called the prime meridian. This 
has noth-ing to do with a prime number. 

The intersection "of the Greenwich meridian and the equator* is 
marked 0 . From this^point, we follow the equator east, or west/ 
until .we reach the merifdlan which passes through the antipode of the 
Greenwich point, that is, lies on the great circle through Greenwich 
and- the North Pole. 5*his meridian intersects the equato!r at a point 
which is one-half way around the equator from the ppint labeled'' 0°. 
Thi-s point is labeled 180 . * We can think of a plane intersecting 
the earth in this grqat circle. The 



plane separates the ejarth into two 
hemispheres, of half rspheres, as 
shown in the drawing at the right. 
The hemisphere on the left as you 
look at the drawing, is named the 
western hemisphere. ' The hejni sphere 
on the right is the eastern hemisphere. 

The great circle, which we call 
the equator, is divided into 36o equal 
parts in a view as seen from the North 
Pole. The whole numbers between . 0 
and 180 are assigned to the points, 
on the^half equator tffc the left of 0 . 
The same is done for the point^s on the 
other harf of the equator. ' Each of 
these points names the meridian passing 
through that point. Any poiht on earth 
may be located by the meridian passing 
through the point. For example, Los 
Angeles is approximately on the meridian 
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120 west of the Greenwich meridian* Tokyo Is approximately on - 
the mer^ldlan 1^0° east of ^Greenwich. V/e say the longitude of 
Los Angeles is about 120° W(west)* . The longitude .of Tokyo Is 
about . l4o° E.' ^ .' . • 

The parall^s of latltucLe aj?e located in the 'following way. 
The equator is designated the zero parallel, All^polnts above the 
equator are in the northern hemisphere, points below in- the " \ 
sduthern hemisphere! We choose any met-idian, for Infttoce that 
meridian through Greenwich. The part of the meridian . from the 
intersection with the equator to the North Pole is divided into 
90 equal parts, aasuming that the earth is a sphere. The v/hole 
•numbers between 0 and 90 "are 
assigned to' these points^ Each 
point determined a' parallel of 
latitude* A similar pattern 
followed for polnts^on the meridian, 
south of the equator. For any point - 



on earth, we' may locate the parallel 

of latitude containing the point, 

^or. example. New Orleans is approxl- 
' mately' on the parallel -30° north 
• of the^quator. Wellington, . New 

Zealsind is approximately on the 

parallel^ 4o° south of the equator. We say that New Orleans has' . ,, 
a latW:ude of about 30° N(north); The latitude of Wellington is'.* 




'p.^^ approximately ^0 S. ' 

Some of the parallels are given 

&t)eclal names* The Arctic and 

' ' ' - 

%-'%itarctlc Circles are the parallels^' 

located about 23^ degrees from'th^ 

North and SoCith Poles. The Tropic 

of Cancer 'is about 23^ degrees north 

• of the equator,, and the Tropic of 

■ Capricorn is the same distance "south 

of the equator. Portlpns of spheres 

between two parallels ' of latitude are 



North Frigid 
Zone 



North . 
Temperote 
Zone 



Equotor 
South 

Temperate 
Zone 



Arctic 
Circle.- 



Tropic of 
ccmper 




Tropic of 
Capricorn 



south Frigid 
c Zone - . - 

sometimes called zones . Some of • these zones ^re also Riven 

special names aa shown in the drav/lng at the right. 



Antarctic 
Circle 



To" locate a point oh earth, we name the ^meridian and the 
parallel of latitude passing through the point. Thus we name the 
longitude and the latitude of a point. For example: 96 , W, 30 N : 
locates apoint in the city of New Orleans. ^We. say that New Orleans 
i^' located -approximately at this point* on earth. • Durban, South 
Africa- is ^located at approximately 30° 30° S. Note that 1:he 
longitude is always listed first. Not^ that latiUide and longi- 
tude give a coordinate system on the sphere just as the X-axis and • 
Y-axis give a coordinate 'system in the plarie. ' ' ^ 

Exercises 8-10 

1. Using a. globe, find the approximate location^ of each of the 
following cities. Indicate the location by listing the longi- 
tude first, followed by the latitude. Be ^sure to include the 
letters E or. W and N or S 'in your answers. 

(a) New York City ' (e) Paris 

(b) Chicago « (f ) Moscow 

(cj ^ San Francisco (g) Rio de Janeiro - 

(d) London •< (h) Melbourne, Australia ' - 

2. 'Greenwich; England is located approximately on the parallel. of 
latitude labeled 52° N. Without obtaining^ further information, 
writ^ the location of Greenwich. 

3* Chisimaio', Somalia, in» eastern Africa, is located on the 
equator (or very near. .the equator). It is about ^2 degrees 
qast of Greenwich. ' Without using a reference-, write the * > 
location of Chisimaio. * . • ^ ^ * I 

^. Using a jniap or a globe, find. the cities located l5y the 
following: » ' . 

(a) .58°W, 35°S. (b) 175° E, ^1°^S. 

5. Using a map or a globe, find the cities located by the ^ 
,^ following: ' - . . 

' (a) 122^° E, 35° N. (b) .4° W, 4l° N. 

6. (a) Compare the location of the city in your answer for ^(a) 

witb the location of the city in your answer for 5(-a). 

(b) Similarly,. compsCre the locations of the cities determined 
. by ^(b) and 5(b). " ^ 

• (c) What" kind of points do these locations suggest? 
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?• -Determine a way of . finding the. location of an antipddal point, 
say of 90° W, without using a globe, or map. ■ ■ . 

Then find the antipodal points of each of the following: 

(a) . 80° W, 25''' S. (c) 180° W, •51'' S. 

(b) 100° E, 65° N. . 

8. Where and what': is the. International Date Line? 
'9. Southeast of Australia, there is located a group of islands 

called the Antipodes Islands, v They received this name because 
they are antipodal ^fo Greenwich. With^out using-a refeifeQce,v 
■'■ write the location of the Antipodes. V/hen it is midnight /in 
Greenwich, what time of day is- it at the Antipodes? Wh^ 'it " 
is the middle of summer in Greenwich, what season 'is It in the 
' • Antipodes?. . . . . • 



8-11-, Volume and Area 6f a Spherical Solid . - • . ^ ' ' 

A cube is a surface,' and^when ie speak of tl:ie volume of .a; " 

cube we me^. the volume*, of • a* rectangular -solid who:se* surface is a 

cube. Similarly,, by volume of a sphere we m^an the voQ.ume of a 

solid whose surface is, a sphere. 

Tlie Wowing at the right shows 

a sphere with, the smallest possible ' * 

cube built around the sphere. Each 

face of |;he scube is tangent to one 

•point of the" sphere J Hen c^ the edge 

of the cube 'has measure "2r. where r' ' 

is the radius of the sphere. 



If V..,^.^ = e^ (and e = 2b), 
.3 ' 



cube 
cube 



then V^.,v.L r= (2r)'' or 2-r<2-r-2-r, 




or V.^ = 8r' 
cube 



I 



Since the^ sphere lies entirely wltftiin the cube, 
^sphere < 
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' The drawing at "Bjle right represents 

a cube entirely within, the sphere so 

that, iair the vertices of the cube lie. on 

».'.'■ . » ' 

•the sphere. ' Points A .and B are , 

opposite vertices of the cube. ^Point C 

is, the center of the 'sphere and lies on 

the segment , AB; Hence A and B are 

antipodes, ^< 

■■■ Sljice AbE is a right triangle/ - , 




e -k or 9ie 



Since ADB is also a right tj^angle/ . V. . 
But, (BD) = e and ^/VB) = 2r 



(Note: AD means the measure of .AIi)/« 

]rtjAngle/ 



Solving for e,^ e 

r 

Hence, V 



' so>. 
and, , 



+ =\ (2r)2 



■-3e' 



3 - 



2r 

7^. 



cube 



i:53r' 



s " Since the volume 'of the sphare is larger t^itan tne volurfle of 
this'-tjube, ' " * . ' . , 



Ther^for^, 

■ V/e have two numbers between whicn the measure -^of the volume of 
tne spnere lies. We can see'. that these numbers are not viery close 
to each other by replacing r with 2. 'Mathematicians nave proved 
that the' volume of a sphere may be found using the, following 
formula, . . . v 



Note .that ^ tt r lies between lo3r^ and ^ Br . 



It is. also difficult to determine a formula for the area of 



the surface of a sphered Matnematicianfs have proved tnat \the area 
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of tne surface of a spnere majL be found by using the following 
formula:' * I 

' ^ ' . = > V r^ 

y ^ <^ . N ^ ' 

, Exercises 8-11 

•1. For eac'^ sphere wnose radius, is given below, find tne volume of 
tne" corresponding spherical solid. Use 3.1^ as tne approxi- 
mation for TT. . < • 
(a) I* = 3 inches . (c) . r = yards * 
(b^) ' r'= 10 feet ' (d) r = b cm. 

2. For the various spneres of Problem^l find tne surface area. 

3. 'An oil tank is in the shape of a spnere wnose^ diameter As 50 

feet. The tank rests on a concrete slab. V 

(a) . If* paint costs $b per gallon and a gallon covers ^00 

square feet, find tne cost of tne paint for tne surface. 

(b) If oil COST.S l3 cents per gallon find the value of tjae 
oil in the tank. Assume that the tank is full.^ 

(Use 1 pu. ft. = gallons, )■ 

4. A' spherical balloon has a diameter of ^0 feet. How much gas 
'will it hold when all the air has been pushed out? 

5. (a) If tne radius of a sphere is doubled what effect does this 

have on the volume? On the surface area? 
(b) If the xadius of a sphere is tripled what effect does this 
have on the volume? On the surface area? 

6. Two spheres have radii in the ratio |- . 
. (a) Find the ratio of their volumes. 

(b) Find the ratio of their surface areas. 



^ 8-12. ' Finding Lengths of Small Circles 

The lengths of circles of latitude may be found by using 
. ' values .of ..cosines of angles. . In 

"blie' drawing at the right, N repre- 

sents the north pole, C the center 
> of the eai?th,. ' P some point on the, 

surface of the earth, and E the 

point on the equator directly south 

of P. The drawing shows the great 

circles through E and through P, and the small circle through 
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^ The measure .in degrees, of ^ PCE is the latitude of point P. 
Let A represent a point such that PAC is a right angle, and let 
•B represent a point on CN ^ such that PBC is a right angle. 
Thus, PBCA i3 a rectangle, and hence PB ^d oK are congruenti. 

Let e represent the length of the' great circle , represented 
by the equator. The rad^ius of this circle is CE, and CE and 
CP are congruent. The length of e = 2 7r(CE) = 2 7r(CP). 

Let p represent the length of the small circle at P. The 
radius of this circle, is BP", and BP = CA. Thus the length of 
p = 2 7r(BP) = '2 V(CA). 

Let L° represent the latitude of P. Thus, the cosl.ne of 
,PCA = Cosine L°, 

So, cos L° = ^ ^ ^ 

multiplying §| by 1, using 1 ..= |~ , cos L° = g I^jcpj ' 

Therefore, cos L° = ^ . 

Since cos L° = 1" ' follows that'p = e cos L*^. The length of / 
the equator is aboat 25,000 miles, so p ^ 25,000 cos L°. 

Assume the latitude represented by L° is 35^. The value 
for the cosine of 35° is O.8I92. The length of the small circle 
passing through a city having latitude of 35° is about 
^ 25,000 X 0^192^ ^ 20,^80 miles. 

Exercises 8-12 

1. Find'\;o the nearest ten miles theUength of the circle of lati- 
tude which passes through the point with latitude given below. 

\(a) 15° (b) 75° . ^ (c) 45° 

2. How far is it between meridian 10° W. and 70° W. at latitude 
4o° N. along the parallel of latitude? ' ' ^ 

3. By sun-time is meant the time as determined by the position of 
the sun. Standard time zonea should not enter into this problem 

(a) If sun-time is 7:00 a.tnS^ meridian 10° W., find the sun- 
time at 70° W. . . - " ^ 

(b) If sun-time is 7:00 a.m.. at meridian 70° W., find the sun.- 
time at 10° E. ' ^ . ' 



Chapter 9 
RELATIVE ERROR • 

9-1. Greatest Possible Error ' " * ^, 

When you use numbers to count separate objects you need only 

counting numbers. When you measure something, the situation is 

different. " \ ^ 

Scientists and mathematicians agree that measurement cannot be 

considered exact, but only approximate. The important thing to 

know is Just how inexact a measurement may be, and to state clearly 

how inexact it may b6. - 

<■ • 
A I * 2 B 3 

^ I 1— i 1 L 1— . '-> 

The line above shows a scale divided into one-inch units. The. 
zero point is labeled "A", and poi^t B is between the 2-inch 
mark and the 3-inch mark. Since \B Is clearly closer to the two- 
inch mark, you may say to the nearest inch that the measurement of 
segment AB ,is 2 inphes. However, any point which is, more than 
li 'inches from A and less than 2^ inches from A would be the 
endpoint of a segmenfwhose length, to the nearest inch, is also , 
2 .inches. The mark below the line shows the range within which the 
endpoint of a line segment 2 inches long (to the nearest inch) 
might fall.*^^ The length Vbf such a segment might be almost ^ Inch 
less than 2 inches, or almost |- 3^nch more than 2 inches. You 
therefore can say that, when a line segment is measured to the 
nearest inch, the greatest possible error is |- inch. Consequently 
such measurements are sometimes statfed" as (2 + ^) inches^. When a 
measurement is stated as 2 inches it may mean (2 + |-) inches or 
(2 + 0.5) inches. ^In the everyday world this is often not the 
case. However, in industrial and scientific work the greatest 
possible error should be specifically stated. For example, ^a 
measurel^ent should be given as- ^ (2 + 0.05) inches, or (2 + 0.005) 
inches, npt simply as 2 inches. 
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Exercises Q-1 
' " - ■< 1 

!• Draw a line and mark on it a scale with .divisions of t inch, 

• " 2 

Mark the zero point C. Place ;4 point between' l7j- and 1-^ , 

but closer to It- , and call the point. D, How long is CD 

1 " ■ • I 

to the nearest inch? 

2. Between what two points on^the scale must D lie if the " " 
measurement" to the nearest ^ inch, is to be / 1^ inches? 

How far from l4 inches is each of these points? 

3. Why may this measurement of ^ CD be stated (l-^ + ^) inches? 

' A' . i ^ 1 

4. The measure of a line segment was stated as .]'(2J^ + 32"^* 

(a) Between what' marks on the, scale must, the end of this- 
segment lie? 

(b) What is the greatest possible error? 



•.Q-2. Precision and Significant Dibits 

insider the two measurements, ' 10^ inches and "^'^^ inches, 
only used, these meastzrements do not indicate what unit of 
measurement was usedi. Suppose that the unit for the first measure- 
ment is ^ inch, and the unit for the second measurement is 2* 
inch. Tri'en it is said that ihe first measurement is more precise 

than the second, or has greater ' precision . Notice also, that the 

1 1 

greatest possible error of the first measurement is 5- of tt inch, 

1 1 11 

or Y6 sind of the second is ^ of ^ inch, or^*^ inch. 

The greatest possible error is less for the first measurement than 
for the second measurement. Hence the more precise of two measure- 
ments is .the one made with the smaller unit, and for which the 
greatest possible error is therefore the smaller. ^ 

In this chapter the convention,, that the denominator of the ' 
fractional part of a measurement indicates the unit of mea^purement 
used, is adopted. If a line se^ent is measured to the nearest ^ 
inch, and the measurement is 2^ inches, you shall not change the 

fraction to 4 , for that would make it appear that the unit was 
1 1 

^ inch, rather than ^ inch, if a line segment is measured to 

the nearest t- inch, and the measurement is closer to 3 inches 

3 1 0 

than'to 2"^ or 3^ inches, you shall state it to be 3^ inches, 

so that it is clear that the unit used is i inch. 
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Usually scientific measurements are expressed in decimal form,' 
For instance, it is known -that one meter is about . 39,37 inches/ ' 
This means that a meter is closer to 39.37 inches than it is to 
39.38 inches or 39,36 inches. In other words, oiTe meter lies 
between 39.375 inches and 39*365 inches. 

The measurement, 39,37 .inches includes. ^ significant digit 
They are significant in that they|tell us the precision of our 
measurement. The place value of the last significant digit to the 
right indicates, the. precision, in this case one hundredth of an 
inch, ' 

All non-zero digit? are significant. A zero may or may not be 
significant. Zeros are significant when they are between non-zero 
digits as in numerals like 2007 significant di^fcs), 80,062 
^5 significant digits^, and 3,b8 (3 significant digits). Zeros 
are not significant in numerals such as 0,008 and 0.026 because 
the zeros are used only to fix the decimal point. 

If you are told that something is 73,000 feet long, it is not 
clear whether or not the zeros at the end are significant and 
actually indicate the precision. There is doubt about trie pre- 
cision of such a measurement. The unit of measurement may have 
been 1,000. feet, 100 feet, lO^.feet, or 1 foot. In a case 
like this, a zero is sometimes underlined to show how precise the 
measurement is. For example, 73,000 feet (3 sighif-tcantdigits) 
means that. the measurement i^?^ precise to the nearest ri<j6jPeet, 
73,000 feet significant digits) means that the mea^tlrement is 
precise to the nearest 10 feet, and 73,000 feet (5 significant 
digits) means that tjie measurement is precise to the nearest foot. 
If no zero is underlined, you understand that the measurement was 
made to. the nearest 1000 . feet. If! a* measurement is stated as 
5.6^0 feet you understand, without underlining the zero, that is 
is significant and that the unit is one thousandth of a foot, for 
otherwise the s^ero would not be written at all. 

When a number is written in- scientific notation, all of the - 
digits in the first .factor are significant. For example,, the 
measurement 2.99776 x 10^^ cm. /sec, for the velocity of light, 
has 6 significant digits; the measurement 2.57 x 10 ^ cm. for 
the raditts of the , hydrogen atom, has 3 significant digits; the 
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measurement for the national debt in 1957, 2.8 >llO'^'^ dollars,' 
has 2 signifidant digits; ^.800 x 10^ has ^ si^ificant 
digits. ^ In .the last case, the two final zeros are significant. 
Were they not, r^the number should have been 'written as ^.8 x 10 • 

V \ Exercises Q-2 

1. Suppose 'you measured a lirte to the nearest hundredth of an 
inch. Which of thp folldwing states the measurement b^st? ' 

T , 3.2' inches: ' 3.20 inches 3.200 inches 

2. Suppose you measured to the. nearest tenth of an' inch. Which ♦ 
of the following.' should you use to .state the result? 

h inches ". . 4.0 inches ^ 4.00 inches 

3. Tell which measurement in Qach pair Ifj^s the greater precision. 

(a) ' 5.2 feet 2^ feet 

(b) 0.68 feet; 23.5 feet ' ' " * 
^(c)^ 0.235 inches, ^ 0.1^6 inches. 

"4, (a) For each measurement below tell the place value of the 
last significant digit. 
(B) Tell the greatest possible error pf the measurements. 

(a) 52700 feet , (c) 52.7 feet . • . 

' (b) 5270 feet (d) 0.5270 feet ^ - 

5. .(a) Which pf the measurements in Problem 4 is the most precise? 
. (b) Which is the least precise? ' ' 

(c) Do'any two measurements -ha^e the same precision? 

6. Show by underlining a zero the -precision of the following 
measurements: • / ' . 

(a) ^200 feet measured to the nearest foot, 

-(b) 48,000,000 people, reported to-»the nearest ten-thousand. . 

7. Tell the number of significant digits in each measurement: 

(a) 520 feet . /', (c) ' 25,800 ft. 

(b) 32.46 in. (d) 0.0015 inV 

8. How many significant digits are' in each of the following: 
(a) 4.700 X 10.5 ■ ^ 6.70' X 10"^ 
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9-3. Relative Error, Accuracy and Percent of Error 

While two measurements may be made with the same precision 
(that is, with the same unit) and therefore with the sam,6 greatest 
possi^ble error, this error is mor§^ important in some cases *than in 

others. An error of ^ . inch in measuring someone's height would 

' 1 'I 

not be very misleading, but an error of ^ inch in measuring a nose 

would be misleading. One can get a measure of the importance of th^ 
greates"^ possible 'error by comparing it with the measurement. Con- 
sider these measurements and thei?? greatest possible efrrors: • /. 

^ in.-+ 0.5 in.: 58 in. + 0.5 in. 
Since these measurements are both made to the nearest Xnch, the 
greatest possible er^ror in each case is 0.5 inch. / If you divide 
the m^sure of the greatest, possible error by the number of units 
in t!ne measurement you will get these results: (Note that the 
measures are numbers and the measurements are not"./ The number of 
unitT&^in the measurement is called the meagre). 



/ 




2|| . ^ * 0.0086 



The quotients 0.125 and 0.0086 are called relative errors . 
The relative error of a measurement is defined as the quotient of 
the measure of th^ greatest possible error and /the measure/ 



Relative error = 



measure of the greatest possible error 



the»measu/re 



Percent of error is the^relative error expressed as a percent. 
In the above two examples the relative error Expressed as a percent 
Is 12.5 and 0.86 . 'V/hen written in this form it is called 
the percent of error. \ f 

The measurement with, a relativp error of 0.0086 (0.86 ) is 
more accurate than the measurement with ^.relative error of 0.125 
(1^.5 ). By definition a measurement with a smaller relative 
error is said to be more accurate than one with a larger relative 
error. 

The terms accuracy, and precision are used in industrial and 
scientific work in a special technical .sense, even -though tl;iey are ' 
often used loosely and as" synonyms in everyday conversation. Pre- 



225 



cislon depends upon the size of the unit of measui^ement-, which is 
twice the greatest possible , error, while accuracy is the re;Lative 
error or percent of error. , For example, 12,5 pounds and 36o.( 
pounds 'are equally precise, that is, precise to the nearest^ a.l 
of a pound (greatest possible error in each case is 0,05 pound). 
The two mea-surements do not possess* the same accuracy. The second 
measurement is more accurate. You should verify the last state- 
ment by computing the relative errors in each case and comparing 
them, , • 

An astronomer, for example, making a measurement of 'the dis- 
tance to a galaxy may have an error of a. trillion miles 
(1,000,000,000,000 niiles) yet be far more accurate than a' machinist 
measuring the diameter of a steel pin to the nearest O.pOl inch. 

Agaih, a measurement indicated as 3': 5 inches and another as 
3.5, f^et are equally accurate but the^ first measurement is more ^ 
precise. V/ny? 

' . " Exercises Q-3 
In all computation express your answer so that it . includes two 
significant digits. 

1. State the greatest possible error* for each of these measure- 
ments. 

(a) 52 ft. (c) 7.03 in. . ' . 

(b) ;^.l in. .(d)-r 5^,000 mi. " ^ 

2. / Find the relative error of each measurement in Problem 1. 

3. Find the greatest possible error and tne percent of error for 
* eacn of tne following measurements. 

(a) 9.3 ft. ^ (b) 0.093 ft. <> 

^. Whaft do you observe about your aryBwers for Problem 3? Can you 
explain why the percents of error should be the same for these 
measurements? ■ / 

5. Find the precision of the following measurements, 
(a) 26.3 ft. ' (b) y.,000 mi. 

6. How many significant digits are there Xn each of tne following : 
measurements? , . 

(a) 52.1 in. * (c) 3. 68. in. 

(b) 52.10 in. . . (d) 368.0 in. ^ - 

22G 
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7. Find the relatj.ve error of each of the measurements in 'Problem- 6. 

'8. From your answers for Problems 6 and 7^ can you see ^ny relation^, 

V between the number of significant digits in a measurement and 

• . ■% ■ 

its relative error? What is the relation between the number of 
significant digits in a measurement and its accuracy? ' 

9. Without computing, can you tell which of thfe measurements below 
..has .the greatest accuracy? V/hich is the least accurate? 

23.6 in. - 0.0^3 In. s , 7812 in.. ^ 0.2 in. 

10. Arrange the following me^asurements .in the' order oi* their pre- 
cision (from least to greatest). 

- - (a) . 36|- in.^ 27^ in., 32^ ini , ' ^6|- in., 22^ in! 

(b) in., 3.0^1 in., 3 in., ^ 82.^ in.-, 0.37^2 in. 

11. Count the number of significant digits in> e'^ch of the following: 

(a) ^3.26 .^^ " (c) 0.6070' -(e) .76,000 

(b) ^,607 (d)- 0^0030 (f) ^13,000 



9-4. Operations with Measures 

Since measurements are, never exact, the answers to* any ques- 
tions which depend on.thoSe measurements are also approximate.. For 
instance, suppose you measured the length of a room by making two 
marks on a wall, which you-u^alled A and B, and then measuring^ 
the distances from the corner to A,' from A to J^, and from .B 
to the other Corner. Measurements such as these whose measures are 
to be added, should all be made with the same precision. Suppose, - 
to the nearest fourth of an inch, the measurements were 72^ ir^ches, 

inches, 22-^^ inches. You would add the measures to get 135^. 
^Therefore the measurement is 13^ inches. Of course, the dis- 
tances might have been shorter in each case* The measrures could 
have been almost ^ small as, 72^, ^0^, and 22^ :^n which case 
the distance would have been almost as small as 135^ inches, , 
which is thre^-eighths of an inch less than 135Tf inches. 
Also, each distance might have been longer by'nearly one-eighth of 
an inch, in which case the total length, might have been almost three- 
eighths of an. inch longer than 135j inches. The greatest possible 
ehror of af sum, " is the sum of the greatest possible 'errors . If you 
were adding, measures of 37.6, 3.5, and 178i.6, the greatest 
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-pbssibie error Of " the sum would *t)e 0.5 -\0.5 + 0.5 or *1.5 • 
The result, of this addltlort. could be shown as ^19. 7' + 1.5 . 

. Computation Ihvolvlng measures Is very important In today's ' 
world. Many rules have been laid down giving the' accuracy or 
puieclslori of the results obtained from computation with approxi- 
mate measures. ' 

The general principle Is that the sum or difference of measures 
cannot be moire precl&e than the least precise measure Involved. 
Therefore to add or subtract, numbers arising from apptroxlmatlons, 

•first round each number to the unit of the least precise number and 
then perform the operation. 

When data are expressed in decimal form a rough guide pan "be 
employed for finding a satisfactory product. The number of sl p- 
nlf leant digits In the product of two numbers Is not more than the 
number of slppnlf leant dlplts In the less accurate factor . For. f 
example: The area of the rectangle 10.^ cm. by ^.7 cm,, would be . 
stated as ^9 sq. cm. - . ^ 
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' ' ' ^16 - 

. 48.88 ' ^ . ■ 

If one of the two factors contains more slpjnlflcant digits 

than the other / . round off the factor which ' has more significant 

digits so that ' It contains only one more significant digit than 

the other factor. 

Exercises 9-4 , 

1. Find the greatest possible error for the sums of the measure- 
ments for each of. the following: . • : 

(a) . 5^ In., ^ 6|- In., 3^ In-. 
■\ ("b) 0.004 In., 2.1 In., 6.135 Inp / - 

(c) 2^1n., if^ m., 3f In.- [ 

2. ..'Add the following measures: 

^(a) 42.36, , 578^1; 73.47 . 37.285, 0.6:2 v;r^^, . • 

'(b) 85.42, 7.301,. 16.015, 36;4 ; / 

3. Subtract the following measures: 

(a) 7.3 - 6.28 (b) 735^^ 0.73 (c) 5430 -.647 \ 
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h.- Multiply trie following approximate numbers. 

(a) ^,.1 X 36.9 (b) 3.6 X: ^673 (c) 3.76 x (2.9 x^lO ) 
^. 'Find the area of a rectangular field which is 835.5 ' rods long 
. and 305 rods wide. / . ; ' 

6. A machine stamps out parts each weighing 0.625 lb. How much 
weight is there in 75 of these parts? . , 

7. /Assuming that water weig*hs 62.5 lb. per cu. ft., what is the . 
volume of 15,6lO lb§.? 



* 

There are ma-ny rough rules for computing with approximate data 

but they have to be used with a, ^re,at deal, of common sense. . They 

don't work in all" cases. , The r/iodern high speed computing machine 

.i . ' . ** 

which adds or multiplies thousands of numbers per second has to 

have special rules applied to'the data which are fed to it. Errors 
involved in ^rounding numbers add up or disappear in a very- unpre- 
dictable fashion in these machines.- As a" matter, of fact "error 
theory" as applied to computers is an active .field of research 
today for mathematiaians. 



